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Transfer Colors from CVHD to MRI Based
on Wavelets Transform

Xiaolin Tian, Xueke Li, Yankui Sun and Zesheng Tang

Abstract. A new algorithm based on wavelet transform to transfer colors from
image of Chinese Virtual Human Data (CVHD) to Magnetic Resonance Im-
ages (MRI) has been proposed and implemented. The algorithm firstly ex-
tracts the primary components from both CVHD and MR images by wavelet-
based multi-resolution analysis, then mapping colors from CVHD to MRI
between these primary components with the similar characters. Finally these
colors in MRI will be transferred to all pixels of the MRI according to their
characters. Several experiment results have been reported, which have con-
firmed the effectiveness of this new color-transferring scheme.

Keywords. Medical Image Processing, CVHD, Color MRI, Wavelet Trans-
form, Multi-resolution Analysis.

1. Introduction

Magnetic resonance imaging (MRI) is a imaging method primarily used to demon-
strate alterations of tissues in living organisms. Current MRI technology displays
images as gray tone images. Because human eyes are more sensitive to different
colors than to different gray tones, many scientists are working hard to have color
MRI. A color MRI would significantly improve both the visualization and the par-
cellation of structures visualized by MRI, which enable more effective diagnosis.

The most popular and simplest way to have a color MRI is to assign individual
red(R), green(G), and blue(B) channels to each pixel to separately encode three
co-registered images with different contrasts into a single composite pseudo-color
image([2][3][4]. This basic idea has several varieties but all varieties belongs to either
a pseudo-color methodology or a semi-natural color composite MRIs[5][6](7], shown
below in figure 1.

The work was supported by both Science and Technology Development Fund of Macao SAR (No.
001/2005/A) and the National Natural Science Foundation of China (No. 30470487).
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(a)
FIGURE 1. Pseudo color images from [2](left) and [4](right).

Another way of creating a colored MRI is to calculate the natural colors using
other digital images of the same object. An algorithm has been proposed and im-
plemented to transfer colors from the full-color cross-sections of the visible human
datasets to the MRIs[8][9].In this approach, the MRI are transformed to compo-
nents by independent component analysis(ICA)[10], which enhances physical char-
acteristics of the tissue. The mapping functions for generating color values from
independent components are obtained using the radial basis function(RBF)[11]
network by training the network with sample data chosen from a visible female
data set. Two transferred color MR images from [8] have been showed in figure 2.

FIGURE 2. Natural color MR images from [8].

In this paper, a new algorithm based on wavelet transform has been pro-
posed to transfer natural colors from images from the Chinese Virtual Human
Data(CVHD)[12] to MRI. Instead of using complex artificial neural networks(RBF),
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this new approach uses wavelet transforms to obtain multi-resolution images for
both CVHD and MR images. The primary components of both the CVHD and
the MR images will be extracted by the clustering of the lower resolution images,
and then the transferring of colors from an image of CVHD to several MR images
whose primary components have similar characteristics. Finally these colors in the
primary components of the MR images will be transferred to all pixels in the MR
images based on their characters. Several experiment results have been reported
in the paper, which have confirmed the effectiveness of this new color-transferring
scheme.

2. Major Steps of the New Algorithm

There are three major parts of the new algorithm: pre-processing, kernel process-
ing, and post-processing, as described step by step below:
I. Preprocessing;:

1. Select two corresponding images of the same human body part from the
CVHD and the MR image database. Remove the background color[1], and
then convert the RGB image from CVHD to a HSV image.

2. Normalize both the CVHD and MR images from step 1 to the same size and
similar gray level distribution using gray level histogram transformation.

3. Register the two images of CVHD and MR so that more accurate correspond-
ing spatial locations can be achieved.

II. Kernel Processing;:

4. Calculate a series of different resolution images for the results of step 3
through a multilevel 2-D wavelet decomposition and reconstruction.

5. Calculate the primary components from the lower resolution images by clus-
tering.

6. Calculate the statistical features for each primary component obtained from
step 5. Setup the corresponding pairs of the primary components between
the lower resolution images of CVHD and MR according to their spatial
locations.

7. Calculate the same statistical features for both the original(highest) resolu-
tion images of CVHD and MR. Copy colors from the original(highest) res-
olution image of CVHD to the original(highest) resolution MR image pixel
by pixel if their features belong to the pair of corresponding primary compo-
nents.

8. Assign a color to every pixel in the MR image by recursively extending a
color to the closest neighbor distance-wise in the feature space.

ITI. Post-processing:

9. Increase the color contrast of the colored MR image from step 8 through
histogram equalization.

10. Smooth/denoise the resulting colored MR image of step 9.
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3. Algorithm Implemented

In our research, the algorithm was implemented using Matlab[13]. Symlets Wave-
lets, which are improved Daubechies Wavelets, have been used to construct multi-
resolution images. For the colored images of CVHD, wavelet transform was applied
to three images—the H, S, and V components of the CVHD images. A total of six
levels of different resolution images for each original image have been reconstructed
from wavelet decomposition coefficients. Four different color groups have been de-
cided for the representation of the eyes, skin, nervous gray, and nervous white,
which means that at least four primary components are needed in both images.
The real color of each group and its varieties are calculated from these four pri-
mary components. Primary components are obtained from, in our case, the lowest
resolution image of the V component of the HSV CVHD image in two steps: first,
apply the nearest neighbor clustering, and then pass the component attributes to
the other components of the CVHD image. The four primary components of the
MR image are also calculated from the lower resolution image, which will signifi-
cantly reduce the clustering and feature calculation time. The features used in this
algorithm are the color values and gray level values combined with the locational
and spatial info. The relationships of the corresponding primary components be-
tween the CVHD and the MR images, which are color-transferring pairs, are set up
according to the similarities of their spatial locations only. The color transferring
work is done in two steps: First, the color is transferred from the original CVHD
image to the original MR image if both pixels belong to the color transferring
component pair; Secondly, colors in the MR image are transferred according to
the neighboring color that has the most similar features as the one to be colored.
The second step is implemented recursively until all pixels of the MR image have
been assigned a color.

4. Experiment Results

The images of the head part of a body have been chosen since we only have
corresponding head parts of both the CVHD and the MR images in our testing
database. Figure 3 shows the original image of CVHD used in the test with their
lower resolution images through the wavelet transform. The original CVHD image
is the coloring source image, and the four primary components are obtained from
the lowest resolution image. Figure 4 shows the original MR image used in our
test with their lower resolution images by the same wavelet transform. The original
MR image is the coloring target image and the four primary components are also
obtained from its lowest resolution image.

Figure 5 shows several resulting colored MR images calculated using the new
algorithm. The first row of figure 5 shows the original MRIs. The second row of
figure 5 shows the color MRIs after the first coloring step of the new algorithm.
The third row of figure 5 shows the color MRIs after the second coloring step. The
fourth row of figure 5 shows the color MRIs after post-processing.
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F1GURE 3. The original image of CVHD and its lower resolution
images through the wavelet transform.

FIGURE 4. The original MR image and its lower resolution images
through the wavelet transform

5. Discussions and Conclusions

In this paper, a new algorithm to obtain color MR Images has been proposed. The
algorithm does not need the calculations of the independent components of the im-
ages and does not need the training mapping function by artificial neural network
as proposed in [8]. This new algorithm simply calculates the primary components
from the lower resolution images obtained through the wavelet transform, and the
set up color mapping functions between corresponding primary components of the
lower resolution images. The testing results have shown that color MR images can
be obtained in this manner with more nature colors compared with the results
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FIGURE 5. The original MR images with their coloring results at
various steps
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from [8], showed in the figure 2. In other words, this new algorithm can create
color MRI more accurate.

All works reported in this paper are just beginning results. There are many
issues that can be improved through further research to achieve better coloring
results. For instance, instead of using one color source image, using different cor-
responding color CVHD images for a single MR images will achieve better results,
but it also needs more time to calculate the different primary components and
such. There is still a long way to go to have a real MRI coloring systems.
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Medical Image Fusion by Multi-resolution
Analysis of Wavelets Transform

Xueke Li, Xiaolin Tian, Yankui Sun and Zesheng Tang

Abstract. A novel algorithm for the multimodalities medical images fusion
based on wavelet transform has been proposed and implemented. The auto-
adaptive weighted coefficients have been calculated recursively to maximize
the mutual information between the source image and the result image. Adopt-
ing multi-resolution analysis of wavelet transform, we achieved the MRI and
CT image fusion. In addition, the new algorithm has been extended to MRI
and color image fusion. The experiment results demonstrate that the new
algorithm with wavelet transform have better fusion results compared with
other mutual information fusion schemes without wavelet transform.

Keywords. Medical image fusion, Mutual information, Multi-resolution anal-
ysis, Wavelet transform.

1. Introduction

Medical image fusion is a process of combining the useful features from each of
two or more different modalities medical images into a single medical image. In
recent years, with the increase of clinic application demands, the research of multi-
modality medical image fusion has attracted more and more attention. Just as the
radiotherapy plan often benefits from the complementary information in images
of different modalities, dose calculation is based on the computed tomography
(CT) data, while tumor outlining is often better performed in the corresponding
magnetic resonance (MR) scan. For medical diagnosis, CT provides the best infor-
mation on denser tissue with less distortion, MRI provides better information on
soft tissue with more distortion, PET provides better information on blood flow
and flood activity with low space resolution, and color image data provides the
best integrated information on natural body structure in general. With more avail-
able multimodality medical images in clinical applications, the idea of combining

The work was supported by both the Macao Science and Technology Development Fund (No.
001/2005/A) and the National Natural Science Foundation of China (No. 30470487).
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images from different modalities has become highly important and medical image
fusion has been marked as a new and promising research field.

Several image fusion approaches based on wavelet transforms have already
been proposed [1][2][3][4]. Image fusion algorithms based on multi-scale wavelet
transforms are also very popular in recent researches [5][6][7]. Existing algorithms
for image data fusion are not quite satisfactory for object detection. In order to im-
prove the resolution of the target image and to suppress the detection noise of each
sensor, the images are decomposed with wavelet transform, and thus the wavelet
coefficients and the approximation coefficients at different scales are obtained. We
took the coefficients with large absolute values between the multi-resolution im-
ages as the important wavelet coefficients and computed the weighted mean value
of the approximation coefficientsThe fusion image can then be obtained using the
inverse wavelet transform for the wavelet coefficients and the weighted approxi-
mation coefficients.

However, the majority of fusion algorithms employing the wavelet transform
have not attempted to acclimatize themselves to the wavelet coeflicients based on
the mutual information between the multimodality medical images. Specifically, no
reports about the medical images fusion between MRI and color images have been
found. In our research, the multi-resolution wavelet analysis were implemented for
the multimodality medical images, and then in the wavelet transform region, the
mutual information for the different weighted coeflicient are compared. When the
mutual information is maximal, we achieve the best fusion result by taking the
corresponding wavelet coefficient through the inverse wavelet transform.

2. New Image Fusion Algorithm
2.1. The Scheme of Fusion

In this research, the image fusion scheme involves six steps recursively: Decompose
the input images, which already have their backgrounds removed|8]; Select a fusion
strategy; Fuse image F; Calculate the mutual information; Find the maximum of
the mutual information; And output the fused image as shown in figure 2.1.

Step 1: Decompose the image A and the image B by forward wavelet transfor-
mation. In this case, each image is decomposed into the same level using a periodic
discrete wavelet transform. The wavelet transform decomposes each image into low
and high-frequency sub-layer images. At a given level, a series of parameter sets of
the forward wavelet transformation can be obtained. When the input images are
the CT and MRI, the MRI is described as image A and the CT image is described
as image B. When the input images are the MRI and color image, the MRI is still
described as image A and the color image is described as image B.

Step 2: Select both of the wavelet weighted approximation coefficient a and
b. a and b are initialized to 0.5. In addition, a and b are kept so that a+b =1,0 <
a,b< 1.
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FIGURE 1. Image fusion scheme in this research

Step 3: Obtain the fusion image F by using the inverse wavelet transform
incorporating with the selected coefficients as shown in expressions 2.1.

Cr(u,v) = aCy(u,v) + bCp(u,v) (2.1)

In the above expressions, the parameter u is the decomposition vector and
the parameter v is the corresponding bookkeeping matrix. C'4(u,v), Cp(u,v) and
Cr(u,v) express respectively the wavelet transform coefficient of image A, image
B and the fusion image F.

Step 4: Calculate the mutual information between the MRI image and the
fusion image F.

Step 5: Compare the value of the latest mutual information with the value of
the previous mutual information. Update the values of @ and b for the new fused
image F. Repeat steps 3 through 5 until a maximum for the mutual information
is achieved.

Step 6: Output the fusion image F at the maximal mutual information as the
experiment result.

2.2. Evaluation of the Fusion Result

In this research, we propose to use the mutual information(MI) to describe the
fusion results. It is known that MI is a basic concept from information theory,
measuring the statistical dependence between two random variables or the amount
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of information that one variable contains about the other. The mutual information
or entropy is widely used in image compression and a large MI of the two medical
image pixel pairs shows that the images have been well fused[12][13].

We can calculate the MI according to the following equation[12]:

-11-1

MIap(z,y) = > Y Pap(x,y)log(Pag(z,y)/Pa(z)Ps(y))
i=0 j=0

3. Experiment Results

In this section, we report the results of the experiments on fusing MRI and CT and
fusing MRI and color images through the proposed image fusion scheme. Figure 2
shows the original CT and MRI images to be fused. Each image is resized to 146
pixels by 164 pixels with 256 gray levels.

(a) CT image (b) MR image

FI1GURE 2. The original CT and MR images

Figure 3(a) shows the fusion result by the mutual information maximum
without wavelet transform [13], Figure 3(b) shows the fusion result by the proposed
algorithm with the wavelet transform.

Figure 4 shows the original MRI and Color images to be fused. Each image
is resized to 256 pixels by 256 pixels with 256 gray levels.

Figure 5(a) shows the fusion result by a MI algorithm without wavelet trans-
form [13]. Figure 5(b) shows the fusion result by our method.

According to expression 2.1, the fusion performance results can are shown in
Table 1. From the data in table 1, the advantage of the proposed fusion scheme
has been confirmed.
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(a) The fused image by original Max MI (b) The fused image by the algorithm of
algorithm[12] this paper

FI1GURE 3. The fused image results of two different algorithms

(a) MR image (b) Color image

FIGURE 4. The original multi-modalities medical images

TABLE 1. The fusion performance assessing results

MRI and Fusion result | Fig2(b) and 3(a) | 2(b) and 3(b) | 4(a) and 5(a) | 4(a) and 5(b)

image

Mutual information 3.2667 3.5746 4.3292 4.4067
MIap(x, y)
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(a) The fused image by original algo- (b) The fused image by the algorithm of
rithm of the Max. MI between the MRI this paper
and Color images

FI1GURE 5. The fused image results of two different algorithms

4. Conclusions

A new image fusion algorithm based on wavelet transform to reach the maximum
mutual information has been described and applied to the fusion of multimodality
medical images. Our image fusion algorithm shows better results compared to the
algorithm of maximal mutual information without wavelet transform [12],[13];
This algorithm can also be used for the fusion of MRI and color images.
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Salient Building Detection from a Single Nature
Image via Wavelet Decomposition

Yanyun Qu, Cuihua Li, Nanning Zheng,
Zejian Yuan and Congying Ye

Abstract. We describes how wavelet decomposition can be used in detecting
salient building from a single nature image. Firstly, we use Haar wavelet de-
composition to obtain the enhanced image which is the sum of the square
of LH sub-image and HL sub-image. Secondly, we separate the candidates
of building from the background based on projection profile. Finally, we dis-
criminate the building by Principle Component Analysis(PCA) in RGB color
space. The proposed approach has been tested on many real-world images
with promising results.

Mathematics Subject Classification (2000). Primary 99799; Secondary 00A0O0.

Keywords. Salient building detection, wavelet decomposition, PCA.

1. Introduction

Man-made structure detection is important in many applications such as auto-
matic navigation, virtual reality, image understanding etc. But there are some
difficulties in automatic detection of building. Firstly, there are lots of clutters
in the natural scene image, and the edge detection is very noisy. This make it
complicate to separate the building from background. Secondly, unlike the aerial
views of buildings, the realistic view is unconstrained which makes it difficult to
use predefined models or model-specific properties in detection. Finally, it is dif-
ficult to represent building. Building detection is an active research field recently,
which can be classified as detection from aerial images and from ground view
images. For structure detection of buildings from aerial images, the state-of-art
approaches mainly use hypothesis of the roof presence, the low-level image infor-
mation such as edges, lines, and junctions, and as well as use other information

The work is supported by the Chinese National Nature Science Foundation No.60205001 and the
Foundation of Creative Research Group Programming No.60021302.
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such as illumination, shadow, height, and DEM][1][2][3][4][5][6][7] . There are also
some works about building detection from a building facade image. In [8] a per-
ception grouping based method is used to detect building for image retrieval, and
in [9] a model of multiscale random field is proposed to detect building. The dis-
advantages of these methods are the computing complexity of either line detection
or line classification.

We propose a novel approach to detect the salient building which is distinct
because of its height and other features. Firstly Haar wavelet decomposition is used
to obtain four sub-images: LL sub-image, LH sub-image, HL. sub-image, HH sub-
image. We use LH sub-image and HL sub-image to enhance the image. Secondly,
we propose a projection profile based approach to extract building candidates.
Finally, the salient building is discriminated by applying Principle Component
Analysis(PCA) in RGB color space.

The organization of this paper is as follows. In section 2 we briefly review two
dimension multi-resolution analysis. In section 3 we proposed the wavelet-based
segmentation method. Principle component analysis(PCA) in RGB color space is
used to discriminate the building in section 4, and conclusion is given in the last
section.

2. Review of 2-D Multi-resolution Analysis

Wavelet transformation is popular in 1990s and is widely used in signal processing,
image processing and analysis, image compression and coding etc. L*(R?) can
be constructed by the separable wavelet orthogonal basis which are the product
of the 1-D scaling function and the 1-D wavelet function. Let {V;};cz be the
sequence scaling subspace in L?(R), and {V?};cz which are in space L?(R?) can
be constructed by the tensor product space ij =V; ®Vj. Let {sz}jez be the
wavelet sequence subspace, so sz = (Vf)L and ij = V]2+1 @ sz "+ 1- The following
theorem gives the fundamental theory of constructing the orthonormal bases of
L?(R?).

Theorem 2.1. [10]Let ¢ denote the scaling function, ¢ denote the corresponding
the wavelet function in L*(R). Define the following wavelet function:

Y (z) = ¢(x1)(z2). (2.1)
P (2) = (21)P(2) (2.2)
P (2) = (21)Y(x2) (2.3)

Let ‘ ‘
1 1 —2'ny x2 —2/n
k _ Lok 1 Z2 2
where 1 < k < 3. The function system {1&}7”, in,win}nezz are the orthonormal
basis in sz, and {w},nvwinvwin}(j,n)eﬁ are the orthonormal basis in L?(R?).
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The three wavelet functions extract the image details at different scale and
direction. From equ(2.1), (2.2), (2.3), we obtain that

P (w1, wa) = B(wr)eh(ws) (2.4)
P2 (wi, wa) = P(w1)P(ws) (2.5)
P2 (wr, wa) = (w1)(w2) (2.6)

The magnitude 1&1 (w1, ws) emphasizes the details which has low frequency in hori-
zontal direction and high frequency in vertical direction, the magnitude 1&2 (w1, wa)
emphasizes the details which has high frequency in horizontal direction and low
frequency in vertical direction, the magnitude 1&3 (w1, ws) emphasizes the details
which has high frequency in both directions.

3. Extraction of Building Candidates via Wavelet Decomposition

There are many methods to segment regions of interest which can be classified
as edge-based method and region-based method. However the performance is not
generally because of the variance of image noise, illumination and building texture.
To improve the performance of building detection, we propose a novel approach
which is based on wavelet decomposition.

The wavelet decomposition can break down an image into four sub-images:

LL sub-image: Both horizontal and vertical directions have low frequency.

LH sub-image: The horizontal direction has low frequency, and the vertical
one has high-frequency.

HL sub-image: The horizontal direction has high frequency, and the vertical
one has low-frequency.

HH sub-image: Both horizontal and vertical directions have high frequency.

The building is detected from a ground view image. Since the wall and win-
dows have regular shape in building facade, we separate building candidates by
using an image projection profile based method. As mentioned in [11], LH-image
is the result that the image is convolved by a lower-pass filter along the horizontal
direction and by a higher-pass filter along the vertical direction. So the horizon-
tal detail is enhanced while the vertical detail is smoothed. The result of the HL
sub-image is opposite to that of the LH one. The vertical detail is enhanced while
the horizontal detail is smoothed. This operation on the image is just like edge
detection.By denoting the LH sub-image by Hs(z,y) and the HL sub-image by
Va(z,y), we construct an enhanced image as

B(z,y) = Hy(z,9)* + Va(z,y)? (3.1)

Although many orthogonal wavelets meet with our needs, we use the simplest
orthogonal wavelet—Haar wavelet which is discontinuous and resemble the step
function. It was defined as
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L0<t<3
h(t)=< -1,1<t<1 (3.2)
0, others
and
hjk(t) =272h(279t — k), j,k € 2 (3.3)
It is easy to obtain from equ(3.3)
277 2k <t< (2k+1)27!
hie(t) =49 —27% (2k+1)29"1 <t < (k+1)27 (3.4)
0 others

From equ(3.2) (3.3) (3.4), it’s obvious that Haar wavelet functions act as
the gradient-based edge detection, while the wavelets do not have the property.
Furthermore Haar wavelet makes the computation easier. We compare the perfor-
mance of Haar wavelet and other orthogonal wavelets on the synthesized image
which contains a white rectangle in the black background. Due to the space lim-
itation, we only show the result of db4 wavelet and Haar wavelet in Figure 1. It
is clear that the horizontals and verticals in the enhanced image are shifted when
we use db4 wavelete decomposition, while Haar wavelet does not cause the prob-
lem. Testing results demonstrate that Haar wavelet is more suitable to building
detection. We use one level Haar wavelet decomposition, and select HL. sub-image
and LH sub-image to compute the enhanced image in order to improve the com-
putational efficiency. An example using Haar wavelet decomposition for enhanced
image is shown in Figure 2.

In the following, we explain the extraction of the building candidate based
on projection profile. The image edges within the building of the same column
or row are accumulated at the same location of the projection profile histograms.
There exist high frequency peaks in the horizontal and vertical histograms where
the building located. The building candidates can be separated based on the ver-
tical projection profile and horizontal projection profile. Because there exist image
textures other than buildings in the image, we should choose appropriate thresh-
old values to select those peaks that corresponds to the horizontal and vertical
positions of buildings in the image. The projection profile based approach is as
follows.

Step 1. Denoise the image B(x,y) to make the background flatter.

Step 2. Compute the amplitude projections of B(z,y) € R™*™ along its row,
that is

m

X (z) = ZB(x,y),l <z<n

y=1
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FIGURE 1. The comparison between Haar wavelet decomposition
and db4 wavelet decomposition. The first row is the result after
Haar wavelet decomposition and the second row is the result after

db4 wavelet decomposition. In each row, the left is original image,
the middle is the sub-images, and the right is the enhanced image.

FIGURE 2. The sub-images and enhanced image of a building
image. From left to right and up to down, they are the LL sub-
image, LH sub-image, HL. sub-image, and the enhanced image.

401
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Step 3. Find the first non-zero value in the array X,(z), and obtain the corre-
sponding index which is the upper bound of buildings, that is

upper = min{z | X, (z) >0}

Delete the part above the upper bound, and obtain the image Beut(z, y).

Step 4. Find the non-zero value in every column from top to down in Beut(z,y),
and obtain the corresponding index array, that is

S(y) = min{z |Bcut(z,j) > 0,7 =y},1 <y <m.

Step 5. Find the maximum and minimum in array S(y), and compute the mean
as the lower bound, that is

lower = (max{S(y)} + min{S(y)})/2.

Delete the part below the lower, and denote the image as Btop(z,y)
Step 6. Compute the amplitude projections of Btop(z,y)along its column, that is

n—upper—lower
Xe(y)= Y.  Btop(x,y),1<y<m,
z=1
and cluster the indices whose corresponding values are non-zero, to obtain
the left bound Bleft(i) and the right bound Bright(i), the length of the
array Bleft(i) is the number of building candidates.

Step 7. Find the region region(i)in the original image corresponding region in
image B(x,y).

Remark: From step 1 to step 5, the operation is to separate the high buildings
from the sky and the low building group. From step 6 to step 7, the operation is
to separate salient building candidates from each other. Figure 3 illustrates the
result of the approach.

4. Building Discrimination by PCA in RGB Color Space

From section 3, we obtain building candidates which may be building or not.We
need to discriminate buildings in the next step. A hypothesis is generated that
the desired region can be classified into two classes one of which is building, the
other of which is tree, because we believe that the hypothesis can cover a significant
fraction of the building image. In order to make the discrimination problem simple,
we consider the negative sample, i.e. trees. We compute the principle color of
the tree color samples and compare the color of building candidates with it. Let
{4;},1 < i < m, be the color vector generated from the desired region, where m
is the number of the points which correspond to separated region, and the mean
vector is denoted by p . The new vectors are given by

A=A —p,i=1,2---m (4.1)
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FIGURE 3. The segmentation result. The building candidates are
indicated by rectangle.

The covariance matrix is given by
Cov=ATA

where A = [AT AT ... AT T,
Compute the eigenvector corresponding to the largest eigenvalue of the ma-
trix C'ov, denoting it by the principle color in desired region, i.e.,

Cov*xV = ApaxV (4.2)

The principle color of tree sample was denoted by Vi,04. The color similarity
between the model and the desired region is measured by the city block distance,
and the desired region is classified as the building if the distance is larger than a
threshold o i.e.,
v _JO V—=Vneal <o
flag(i) = { 1 others
where flag(i) denote the class label of the desired region.
Experiments are performed on real-world images using matlab 6.5 on Intel
P4 2.4G platform. The average time taken in processing an 372 x 496 image is no
more than 2s, which is faster than that in [9]. Figure 4 shows some examples of
building detection from a few of real ground view images.

5. Conclusion

This paper focuses on detecting salient building from a ground view building im-
age. Wavelet decomposition and projection profile based approach are proposed
to separate the building from the background. PCA is implemented in the RGB
color space in order to discriminate the building. Real-world images are used to
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FIGURE 4. Building detection example. The detected building is
indicated by red rectangle

evaluate the proposed method, and the experimental results demonstrate that the
proposed method is feasible and effect.
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SAR Images Despeckling
via Bayesian Fuzzy Shrinkage Based
on Stationary Wavelet Transform

Yan Wu, Xia Wang and Guisheng Liao

Abstract. An efficient despeckling method is proposed based on stationary
wavelet transform (SWT) for synthetic aperture radar (SAR) images. The
statistical model of wavelet coefficients is analyzed and its performance is
modeled with a mixture density of two zero-mean Gaussian distributions. A
fuzzy shrinkage factor is derived based on the minimum mean error (MMSE)
criteria with bayesian estimation. In this case, the ideas of region division and
fuzzy shrinkage are adopted according to the interscale dependencies among
wavelet coefficients. The noise-free wavelet coefficients are estimated accu-
rately. Experimental results show that our method outperforms the refined
Lee filterwavelet soft thresholding shrinkage and SWT shrinkage algorithms
in terms of smoothing effects and edges preservation.

Keywords. SAR image despeckling, fuzzy shrinkage factor, MMSE, regions
division, Bayesian estimation, SWT.

1. Introduction

The synthetic aperture radar (SAR) generates images that are severely degraded
by speckle, a type of multiplicative noise. Due to its granularity in an image,
speckle noise makes it very difficult to visually and automatically interpret SAR
data. Therefore, reduction of the speckle noise is important in most detection and
recognition systems where speckle is present.

In the past ten years, many algorithms have been developed to suppress speckle
noise in order to facilitate postprocessing tasks. The earliest method is multilook

This work was supported by the National Defence Foundation (51431020204DZ0101) and the
Postdoctoral Science Foundation of China (J63104020156).
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processing, but this method sacrifices the spatial resolution. Later, the spatial fil-
ters which are based on the minimum mean square error (MMSE) criteria are tra-
ditionally used, such as the Lee-filter[1], the Kuan-filter[2,3] and the Frost-filter[4],
but an insufficient existing in these techniques is that the region with edges or
strong textures are blurred after filtering. Then some statistical adaptive filters
for speckle reduction appeared, they are capable of adapting the size or the shape
of the local window according to the underlying structural features. Examples
of such filters are the refined-Lee filter[5] and Epos filter[6], etc. They outper-
form the former filters. Recently, there has been considerable interest in using the
wavelet transform as a powerful tool for recovering noisy data. As an outcome of
the wavelet theory, despeckling in the domain where SAR images are defined by
detail coefficients of the noisy image, either hard or soft, are firstly proposed by
Donoho[7]. These methods involve a preprocessing step consisting of a logarithmic
transform to convert the multiplicative noise into the additive noise. The key point
in these thresholding techniques is the selection of an appropriate threshlold. If
its value is too small, the recovery image will remain noisy. On the other hand, if
its value is too large, artifacts like pseudo-Gibbs oscillations may appear near dis-
continuities in the reconstructed signal. Another approach involves the stationary
wavelet transform (SWT). F.Argenti et al. applies a local linear MMSE estimator
in the stationary wavelet transform domain[8]. The method avoids using the loga-
rithmic transform, but it does not utilize statistical assumptions about the wavelet
coefficients. This is a drawback in cases where good statistical models exist. Fur-
thermore, the filter performs the same in wavelet domain.

In this paper, we propose an efficient SWT despeckling method based on bayesian
estimation using MMSE criteria. We avoid using the log-transform. Firstly, we ana-
lyze the statistical properties of the wavelet coefficients, and model the coefficients
with a mixture density of two zero-mean Gaussian distributions. Then we derive
a bayesian wavelet shrinkage factor based on MMSE criteria. Finally, according to
the interscale dependencies of the wavelet coefficients, we adopt fuzzy shrinkage to
the factor and divide different regions among the coefficients. Different methods
are used for different regions. The algorithm achieves good performance.

2. The Statistical Model in SWT Domain
2.1. SWT

SWT9] is a special version of the DWT that has preserved translation invariance.
This means that a translation of the original signal does not cause a translation
of the corresponding wavelet coefficients. Instead of subsampling, the SWT uti-
lizes recursively dilated filters in order to halve the bandwidth from one level to
another. At scale 27 the filters are dilated by inserting 27! zeros between the
filter coefficients of the prototype filters. This is performed in order to reduce the
bandwidth by a factor of two from one level to another.

i hioi ifmeZ
Jj k/27
hy, = { 0 else (2.1)
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i _ ) 9k/2i itme Z
Ik { 0 else (2.2)
where {h;} and {gx} are low-pass and high-pass filters, respectively.

For images, image rows and columns are then filtered separately. Filtering equa-
tions to obtain the level j + 1 from the level j are the following (where (a,b) is for
the pixel position):

Axj1(a,b) = > hlhl, Ax j(a+k,b+m) (2.3)
k,m

W jia(a,b) =Y glhl, Ax j(a+k,b+m) (2.4)
k,m

W% i41(a,b) = Zh gl Ax j(a+ k,b+m) (2.5)

WX]+1 a,b) ngganXJ(a—l—k b+m) (2.6)
k,m

where Ax ; is the approximation of the original image at the scale 27, giving the
low-frequency content. Images details are contained in three high-frequency im-
ages W)’; i Wx s Wg‘g ; corresponding to horizontal, vertical and diagonal detail
orientations, respectively. Since SWT does not include downsampling operations,
it is a redundant transform.

2.2. The Statistical Model in SWT Domains

Wavelet coefficients of SAR images typically exhibit strong non-Gaussian statistics.
The correct choice of priors for wavelet coefficients is certainly a very important
factor. Several different priors have been considered for the wavelet coefficients.
In [10], wavelet coefficients are modeled as a generalized Gaussian distribution
(GGD), which matches well the histograms of typical SAR images. However, in
the bayesian estimation process, there usually does not exist a closed-form so-
lution for the estimate of noise-free wavelet coefficients when the signal prior is
described by the GGD. Among alternative methods, a mixture density of two
zero-mean Gaussian distributions has been proposed due to its relatively simple
form and high accuracy in modeling the distribution of wavelet coefficients[11].
One mixture component is corresponding to significant coefficients (representing
“homogeneity”), and the other is corresponding to significant coefficients (repre-
senting “heterogeneity”).

For SAR imagery, we have a multiplicative speckle model: X = Y F', where X
is the noisy observation, Y is the noise-free signal and F' is normalized speckle
random variable with unit mean. Assuming that W represents the noisy wavelet
coefficients, its mixture probability density function (pdf) is given by

k=0,1
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FiGURE 1. Histogram of SWT wavelet coefficients and the
Mixture-Gaussian model.

where p(w,|s = k) is a zero-mean Gaussian distribution and S = 0 or 1 represents
each Gaussian component in the mixture distribution.

We demonstrate one typical example in Figs. 1 to show the performance of the
mixture-Gaussian model in matching the distribution of SWT wavelet coefficients
of a real SAR image. In the figure, the mixture Gaussian distribution is labeled
as “mix pdf” and two pure Gaussian components are labeled as “gaussl” and
“gauss2”, respectively. As the figure shows, the mixture-Gaussian model provides
a fairly accurate approximation to the distribution of wavelet coefficients of real
SAR image.

3. Bayesian Fuzzy Wavelet Estimate

3.1. Bayesian Wavelet Estimation

The wavelet decomposition operation can be written as

Wx =W[X]|=WI[YF|=W[Y]+W[Y(F - 1)] =Wy + Wy (3.1)
where Wy is an additive signal-dependent noise. Shrinkage estimate of the noise-
free wavelet coefficient is Wy = nWyx, where 7 is the shrinkage factor. Based on
the MMSE criteria, the optimal shrinkage factor 7’ is obtained by minimizing the
mean square error between Wy and Wy

n = arg mnlnE[(Wy — Wy )3 (3.2)

which has the MMSE solution in the form of

77/ _ E[Wx]lg[if/;{?/XWN] (3-3)
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To calculate the 7, it is necessary to estimate all unknown parameters in Eq.(10).
Based on a mixture-Gaussian model of wavelet coefficients, the MMSE estimate
of noise-free wavelet coefficients Wy is
) % — 0%
Wy = > pls= Blwe) =25 W (3.4)
k=0,1 Wx

where J%,VX is the variance of the noisy wavelet coeflicients Wx in the corresponding

state S and p(s = k|w,) is calculated based on the Bayes rule

p(ws|s = k)p(s = k)
p(s = klwg) = 3.5
( o) p(Wx) (35)
The unknown probabilities in Eq.(12) are calculated with the expectation-maximi-

zation(EM) algorithm[11].

Proof. Since the speckle-noise random variable F' is usually normalized as: E[F| =
1, E[F — 1] = 0. Thus, due to the high-pass nature of wavelet functions, we have
E[Wx] = 0. Furthermore, because of the zero-mean mixture-Gaussian distribution
model of Wx, thus E[Wx] = 0. Therefore, we obtain

Since Wy and Wy are statistically independent, thus
EWxWy] = E[(Wy + Wx)Wn] = E[Wy Wx] + E[WR] = oy, ; (3.7)
Combining Eq.s(10), (13), (14) with Eq.(7), we can obtain Eq.(11).
O
The variance of noise in wavelet domain o3, = equals[12]
Uik + o
2 IHX Wx ~2
Oy = 7 75— C (3.8)
W 1+c3:  F
where pux = FE[X], the normalized standard deviation of noise CF equals

\/(4/m —1)/L for amplitude images and +/1/L for intensity images (L > 1),
and parameter ¥; is defined as ¥; = (Zk(hk)z)zZm(gm)z)z(J_l), where h and
g are the high-pass and low-pass filters at the decomposition level j, respectively.

3.2. Fuzzy Shrinkage Factor

Since the shrinkage factor based on the MMSE criteria is the minimum mean
value and this factor from each wavelet coeflficient obtained by SWT is invariable,
we adopt fuzzy transform to modify it according to the variety of the wavelet
coefficients. This factor is redefined by

/

n

1+ exp(a(c —o3))

Nfj = (3.9)

where ¢ = |Wx ;||[Wy j41|; For each image detail Wx; = Wy, + Wy, 0j =
Median(|Wx,; — Median(Wx, j)|)/0.6745, 02 is its threshold value[13], and o;

J
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is the noise standard deviation at scale 27. Since noise mostly exists in subimage
HH, o; is calculated by the standard deviation of the wavelet coefficients in HH;
a < 0 and ny; = 7' when a =-co. a determines the convergence speed of the
function. To suppress the noise, we hope that the absolute value of « is smaller
when noise variance is bigger, i.e., the convergence speed is slower. Thus we define
the expression of « by

Wx — Wx min
WX,ma:L’ - WX,min

n= — 1) x 1000. (3.10)
Since we use the intensity image, we set the scope of « as [0,—1000]. W min is
the minimization of Wx in the corresponding decomposition level and Wx ;mqz is
the maximization. Thus,

Wy = > p(s = k|Wx)ns;Wx . (3.11)
k=0,1

3.3. Regions Division

As the wavelet transform deepened its application in image coding and denois-
ing, researchers proposed some more complicated and more accurate models that
exploit interscale dependencies and intrascale dependencies among wavelet co-
efficients. Hidden markov random field tree model[14] can capture the interscale
dependencies, but it costs too much time to calculate the parameters in the model.
To take spatial dependence into account, we adopt the ideas of region division and
fuzzy transform. The method is easy and feasible, furthermore, it costs little in
computation.

As the scale increases, the large wavelet coefficients of the signal almost keep in-
variable, but the wavelet coefficients of the noise tend to decrease greatly. In [14],
for the necessity to distinguish signal from noise ahead, the author indicated that
the pixel was considered as noise if ¢ < JJQ» and the pixel was considered as signal
ife > O'J2». As this dividing method is a little coarse, we further redefine the criteria
of region division. We choose proper n; and ns (0 < ny <1 < ng < 00) so that we
can obtain the following cases: the probability which denote that the pixel is in
homogenous neighborhood (i.e. the point is noise) is close to 1 when ¢ < nlojz; the
probability which denote that the pixel is an edge point (i.e. the point is signal) is
close to 1 when ¢ > 7120]2»; and the pixel is considered to be in the regions between
homogenous neighborhood or edge point when ny 0'J2» <c< ngojz. Finally, choosing
ny = 1/2 and ny = 5/3 in the paper according to our many experiments. For each
image detail Wx  (a, b) = Wy ;(a, b) + Wy (a, b), the estimate of noise-free Wy is

0 c < nlojz»
Wy,j = Zpeoa P8 = kIWx)npiWx;  mio? <c<ngoj (3.12)
WXJ‘ c > 77,20]2»

The steps of the proposed algorithm are as follows:
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1. Decompose the original SAR image by SWT and the number of decomposi-
tion level is 3.

2. Estimate parameters of the mixture-Gaussian model with EM algorithm, and
then calculate the value of J%VN.

3. Shrink three detail subimages at the decomposition level 3 according to
Eq.(11), and obtain the estimate of Wy73.

4. At decomposition level 2 and 1, the despeckling algorithm is applied sepa-
rately to detail subimages according to Eq.(19).

5. Apply an inverse SWT to the despeckled detail images.

4. Experimental Results and Discussion

In our experiments, we are quantifying the algorithm performance in terms of
smoothing effects and edge preservation. We use equivalent number of looks (ENL)
to measure the smoothing effects of despeckling methods. It is defined as ENL =
u?/o?, where p and o are the mean and the variance of intensity value over a
homogenous region. Furthermore, as a measure of edge preservation, we adopt the
Pratt’s figure of merit [16], which is defined by

Na

1 1
FOM = 4.1
max(NA,NI)gl—Fd%a (4.1)

where N4 and N; are the numbers of original and filtered edge pixels, respectively,
d; is the Euclidean distance between the original edge pixel and the nearest filtered
edge pixel, and « is a constant, which is typically set to 1/9. FOM ranges between
0 and 1, with unity for ideal edge detection.

The proposed algorithm is tested on two 256 x 256 real SAR images. We find that
the refined Lee filter possesses the best standard spatial trade off between noise
reduction and feature preservation. Therefore we also include the refined Lee filter
in the comparison. The other methods include the following: wavelet soft thresh-
olding shrinkage algorithm and SWT shrinkage algorithm[8]. The original SAR
images are shown in Fig. 2 (a) and Fig. 3 (a), respectively. The filtered images
by the refined Lee filter are shown in Fig. 2 (b) and Fig. 3 (b), respectively. The
filtered images by the wavelet soft thresholding algorithm are shown in Fig. 2(c)
and Fig. 3 (c), respectively. The filtered images by SWT shrinkage algorithm|8]
are shown in Fig. 2 (d) and Fig. 3 (d), respectively. The filtered images by the
proposed algorithm are shown in Fig. 2(e) and Fig. 3 (e), respectively. These re-
sults are obtained by using bior2.2 mother wave-let. We observe that oscillations
appear near the edges in Fig. 2 (¢), and it illuminates that DWT may cause Gibbs
effects. Fig. 2 (d) is over-smoothed and thus many features are blurred, the reason
is that the algorithm does not model the wavelet coefficients or divided regions.
However, it is observed that Gibbs effects presented in Fig. 2 (c) disappear from
Fig. 2 (d). Thus it still outperforms soft thresholding algorithm. As it appears, the
refined Lee filter outperforms two algorithms above in terms of smoothing effects
and edge preservation. From Fig. 2 (e), it is observed that the proposed algorithm
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FIGURE 2. Comparison of different despeckling methods (a)The
original SAR image (b) The refined Lee filter (c) Soft thresh-
olding shrinkage algorithm (d)SWT shrinkage algorithm (e)The
proposed algorithm
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FIGURE 3. Comparison of different despeckling methods (a)The
original SAR image (b) The refined Lee filter (c¢) Soft thresh-
olding shrinkage algorithm (d)SWT shrinkage algorithm (e)The
proposed algorithm
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TABLE 1. Comparisons of different despeckling methods in terms
of ENL and FOM

SAR imagel SAR image2
ENL FOM ENL FOM
The original image 8.579 11.993
Soft thresholding 36.195 0.6877  64.990 0.6587
The refined Lee 44.363 0.7761 71.928 0.7419
SWT shrinkage algorithm 39.037 0.6973  67.884 0.6858
The proposed algorithm 58.881 0.7943 85.493 0.7518

has a good despeckling performance and typically preserves minor edges, at the
same time, it sharpens edges. It is because that the proposed algorithm adopts
the ideas of region division and fuzzy shrinkage. The ENL and FOM values of
applying these four despeckling algorithms to the two real SAR images are listed
in Table 1, from which we note the following observations: (1) under all condi-
tions, the proposed algorithm achieves remarkable improvement over the other
three methods; (2) the SWT shrinkage algorithm [8] outperforms the wavelet soft
thresholding algorithm. The evaluation fits the visual analysis above. The visual
effect analysis in Fig. 3 and its evaluation consist with the cases above.

5. Conclusions

The proposed algorithm combines image multiscale analysis with bayesian shrink-
age. The multiplicative model introduced in high-frequency images, permits to
retain coefficients produced by significant structures presented in the image and
suppress those produced by the speckle noise. We modeled wavelet coefficients
with a mixture density of two zero-mean Gaussian distributions. Then a fuzzy
shrinkage factor is derived based on the MMSE criteria with bayesian estimation.
The ideas of region division and fuzzy shrinkage are adopted according to the
interscale dependencies among wavelet coefficients. Finally the noise-free wavelet
coefficients are estimated accurately. Experimental results show that our method
outperforms the other three despeckling methods in terms of speckle reduction
and edges preservation.

References

[1] J.S.Lee, Digital image enhancement and noise filtering by use of local statistics. IEEE
Trans on Pattern Anal. Machine Intell, vol.2, no.2, pp.156—163,1980.

[2] D.T.Kuan, AA.Sawchuk, TC.Strand, Adaptive noise smoothingfilter for images
with signal-dependent noise. IEEE Trans on Pattern Anal. Machine Intell, vol.7,
no.2,pp.165-177, 1985.



SAR Images Despeckling 417

[3] D.T.Kuan, AA.Sawchuk, TC.Strand, Adaptive restoration of images with speckle.
IEEE Trans on Acoust.,Speech,Signal Processing,vol.35 no.3, pp. 373-383,1987.

[4] V.S.Frost, JA.Stiles, KS.Shanmugan, JC.Holtaman, A model for radar images and
its application to adaptive digital filtering of multiplicative noise. IEEE Trans on
Pattern Analysis and Machine Intelligence, vol.4, No.2, pp. 157-166,1982.

[5] Lopes.A, Touzi.R, Nezry.E, Adaptive speckle filters and scene heterogeneity. IEEE
Trans Geosci. Remote Sensing, vol. 28, pp.992-1000, Nov. 1990.

[6] Hagg W. Sites M., Efficient speckle filtering of SAR images. Processing of the Inter-
national Geoscience and Remote Sensing ymposium (IGARSS5),1994

[7] D.L.Donoho, De-Noising by soft-thresholding. IEEE Trans. Information
Theory.vol.41,pp.613-627, 1995

[8] F.Argenti, Speckle removal from SAR images in the undecimated wavelet domain.
IEEE Trans Geosci. Remote Sensing, vol.40, no.11, pp.2363—-2374, 2002.

[9] G.P.Nason,BW.Silverman, The stationary wavelet transform and some statistical ap-
plications. Dept. Math., Univ.Bristol, U.K., Tech. Rep.,BS8 1TW, 1995

[10] H.Chipman,E.Kolaczyk,R.McCulloch, Adaptive bayesian wavelet shrinkage. J.Amer.
Statist.Assoc., vol.92, pp. 1413-1421,1997.

[11] R.A.Redner,HF.Walker, Mizture densities, mazimum likelihood and the EM algo-
rithm. SIAM Rev., vol, 26, no.2,pp.195-239,1984.

[12] F.Samuel, Multiscale MAP filtering of SAR images. IEEE Trans Image processing,vol
10, no.1, pp.49-60,Jan, 2001.

[13] P.Thitima, A simple SAR speckle reduction by wavelet thresholding. http://www.
gisdevelopment.net /aars/acrs/1998/psl/ps1014pf.htm.

[14] Matthew S. Crouse. Robert D. Nowak. Wavelet-Based Statistical Signal Processing
Using Hidden Markov Models.IEEE Trans Image processing, vol 46, no.4, pp. 886—
902,April, 1998.

[15] Yongjian Yu.,Scott TA. Speckle reducing anisotropic diffusion. IEEE Trans Image
processing.vol 11,n0.11,pp.927-935,Nov,2002.

Yan Wu

National key lab. of radar signal processing, Xidian Univ.,
Xi’an, 710071, China

School of electronics engineering, Xidian Univ.

Xi’an, 710071, China

e-mail: ywu@mail.xidian.edu.cn

Xia Wang
School of electronics engineering, Xidian Univ.,
Xi’an, 710071, China

Guisheng Liao
National key lab. of radar signal processing, Xidian Univ.,
Xi’an, 710071, China






Wavelet Analysis and Applications
Tao Qian, Mang I. Vai and Xu Yuesheng, Eds.

Applied and Numerical Harmonic Analysis, 419-430
(© 2006 Birkhauser Verlag Basel/Switzerland

Super-Resolution Reconstruction
Using Haar Wavelet Estimation

C.S. Tong and K.T. Leung

Abstract. High resolution image reconstruction refers to the reconstruction of
a high resolution image from a set of shifted, blurred low resolution images.
Many methods have been developed, and most of them are iterative methods.
In this paper, we present a direct method to obtain the reconstruction. Our
method takes advantages of the properties of Haar wavelet transform of the
high resolution image and its relationship with the low resolution images.
Thus the coefficients of the Haar wavelet transform of the high resolution
image can be estimated from the low resolution images. Our method is very
simple to implement and is very efficient. Experiments show that it is robust
to boundary conditions and superior to the least - squares method especially
in the low - noise case.

Keywords. High resolution image reconstruction, Haar wavelet transform.

1. Introduction

Nowadays, more and more people prefer to take photos using a digital camera
instead of the traditional camera. They seek a high resolution digital camera,
but there are not many people can afford to buy this kind of camera. Therefore,
high resolution image reconstruction (HRIR) can help these people to get a high
resolution image from a set of low resolution images. These low resolution images
are under-sampled with subpixel displacement from the high resolution image.
More importantly, such a technique enables us to make the best use of the existing
limits of digital photography and have important applications in remote sensing.

From Zhang et al.[16], we know that there are many HRIR algorithms such
as frequency domain method [15, 9, 8], the projection onto convex sets method
[11, 12], the maximum a posteriori (MAP) method [13, 5, 6, 10, 4, 14|, and in-
version problem with regularization [7, 6]. Recently, researchers proposed using
wavelet technique or preconditioned conjugate gradient (PCG) method to restore
the high resolution image [3, 2]. These techniques are very powerful but they seem
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to be sensitive to boundary conditions. Chan et al.[1, 2] discussed the importance
of the boundary condition in the regularization problem. They mention that ring-
ing effect will appear at the boundary of the image using zero boundary condition.
Reflective boundary condition (Neumann boundary condition) gives about 1.0dB
PSNR better result than zero boundary condition and periodic boundary condition
for test images. If the assumption is not suitable for the image, the error propagates
in each iteration and gives a poor result. In the mathematical model, the matrix
representation for the shift, blur and down-sampling operator have to be changed
for different types of boundary condition. There is a parameter that controls the
model regularity. If this parameter is overestimated, the solution is still blurred.
Moreover, the solution is ill - conditioned. This means that choosing an appropri-
ate parameter directly affects the quality of solution. All the problems mentioned
above thus make regularization a difficult but key issue in super-resolution recon-
struction. In section 2, we will propose a simple and effective method for solving
HRIR problem that avoid the regularization problem and the boundary condition
problem.

2. High Resolution Image Reconstruction

In HRIR, we assume the low resolution images have subpixel displacements be-
tween each other. This special relationship provides enough information for restor-
ing the high resolution image. Suppose we have ¢> M x M I;,;, low resolution
images where ¢ is the magnification factor, l; and [y are positive integers smaller
than and equal to ¢ — 1 and they represent the low resolution image I which has
a [y vertical downward and ls horizontal rightward shift. For ¢ = 2, the 4 low res-
olution images are Iyg, lo1, I10, [11. The pixels in the low resolution image are the
average of hy,;, X w1, pixels in the high resolution image. hy,1,, wi,1, and g can be
different values for different low resolution images. For simplicity, they are set to
a certain value. We will propose a general mathematical model which is suitable
for different values of hy,i,, w1, and ¢ in future. The gM x ¢M high resolution
image defined as f. Figure 1 illustrates the pixel relationship between low resolu-
tion image Iyp, 11 and high resolution image f with hop = wgo = h11 = w1 = 2.
The relationship of the pixel between the low resolution image and high resolution
image is given by

(Illlz)ij = Z f(x7y)/(hl1l2wl1l2)7 (21)

zE€X,
yEY,

where ¢ and j are integers with 1 < 4,5 < M, X;, = {20 — 1+ k+ 1]k =
0,....,hy,—1tand Yy, ={2j—1+k+1]k=0,...,w,;, —1}. In our experiment,
we set the magnification factor g equal to 2. Thus, we assume all the low resolution
images have the same magnification factor and the pixels in the low resolution
image are the average of 2 x 2 pixels in the high resolution image.
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Ton(L1)

Low resolution image

(L

High resolution image

FIGURE 1. The relationship between the high resolution image
and low resolution images

Approximate subband Horizontal subband

Vertical subband Diagonal subband

FIGURE 2. The Haar wavelet transform of Lena image

Haar wavelet is the well-known and simple example of an orthonormal wave-
let. For simplicity, we use the 1 level wavelet decomposition. The gM x ¢M high
resolution image after applying the Haar wavelet transform consists of 4 subbands:
approximate subband (LL), horizontal subband (H), vertical subband (V) and
diagonal subband (D). These subbands are the half size of the high resolution
image. Approximate subband is down-sampling of the high resolution image. The
pixel relationship between the approximate subband and the high resolution image
is given by



422 C.S. Tong and K.T. Leung

(LLYij = > f(z,9)/2, (2:2)
zeXrr
yeEYLL

where Xr, ={2i — 1+ k|k =0,1} and Yz, = {25 — 1 + k|k = 0, 1}. Horizontal
subband contains the horizontal edges and details of the high resolution image.
The horizontal detail coefficients are defined as:

1
Hij=5| > fley) = Y f@w |, (2:3)
r€XHa zE€EXHY
YE€YHa yEYHp
where Xp, = {20 — 1}, Ygo = {27 — 1+ k|k = 0,1}, Xpgp = {2} and Y, =
{2j —1+4k|k =0, 1}. The vertical and diagonal detail coefficients are defined simi-
larly. Each subband have M x M coeflicients. Figure 2 shows the image Lena after
applying the Haar wavelet transformation. The top left image is the approximate
subband which is the low resolution image of the original image. The top right im-
age displays the horizontal edges, the bottom left image shows the vertical edges.
The last image illustrates the diagonal edge. We found that there are connections
between the set of low resolution images and these subbands. We use the pixel
relationship between the low resolution images with the help of Taylor series to
approximate those subbands. Since the coefficients of the horizontal, vertical and
diagonal subbands are the pixels difference in the high resolution image and the
pixels in the low resolution images are the averages of the pixels in the high resolu-
tion image, we take advantages of this dependence to interpolate those subbands.
A good approximation of the subbands means that we can reconstruct the high
resolution image well.

2.1. First Order Approximation

In last section we mentioned that we use the Taylor series to interpolate the wavelet
coefficient subbands. Now we give more details on this algorithm. Recall equations
(2.1) and (2.2), we can formulate the following relationship:

(Illlz)ij = Z f(x7y)/(hl1l2wl1l2)'

ze€Xy,
yEY,

Putting [1 = lo = 0 and hgg = wog = 2. We obtain

(loo)ij = E fz,y)/4,
xeXo
IS0

where Xo = {2i — 1+ klk = 0,1} and Yy = {2§ — 1 + k|k = 0,1}. Then the
relationship between Ipg and LL is

2(Ioo)ij = (LL)ij.
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The approximate subband can be interpolated by low resolution image Iyy ex-
actly. To approximate the horizontal subband, we apply first order Taylor series
expansion for the high resolution image:

flx+ Az, y+ Ay) = f(z,y) + Dz fo(z,y) + Dyfy(z,y), (2.4)

where f;(z,y) and f,(z,y) are the first order derivatives. As an example, consider
the coefficient of the horizontal subband (H)ij. From (2.3) we have
2t —1,25—1)— f(2i,25 — 1 2t —1,25) — f(2i,25
(H)ij — f(2i—1,2j ; f2i25-1)  f2i-1 J; f2i, J)_(2_5)
Let £ =2i — 1 and y = 2j — 1, the coefficient of the horizontal subband become
— 1 1) — 1 1
(yij = T @) g(w+ y) | Syt ;‘(H Y+l

Using (2.4), we have

f(x,y)—f(x+1,y) f(x7y)_(f(x7y)+fz(x7y))
= _fl’(x7y)7

and similarly when Az = 2 we obtain
fly) = f@+2,9) = =2fa(z,y)

Q

which implies
f@,y) — flz +2,9)
2

f(:c,y) _f(x_'_lvy) ~

or equivalently
f(2e—1,25—-1)— f(2i + 1,25 — 1)
7 .

F2i—1,25—1) — £(2i,2j — 1) = (2.6)

In the same way,

f(2i —1,25) — £(2i,25) ~ f(2i = 1,2j) = f2i+1,2)) (2.7)

2
Substituting (2.6) and (2.7) into (2.5), we have

i~ % (f(2i —1,2j — 1);]‘(21’ +1,2j 1) f(2i - 1,2j);f(2i + 1,2j)>
F2i—1,2—1) = f(2i+1,2j — 1) f(2i —1,25) — f(2i +1,29)
- 4 * 4

= (loo)ij — (I10)ij-
We can obtain a similar relationship between the vertical subband and the low
resolution images Iyo, Io1. For the diagonal subband,

(D)ij = f(2e—1,25— 1)+ f(24,29) —2(f(2i,2j —1)+ f(2i — 1,2j))_
Putting z = 2i — 1, y = 25 — 1 and applying equation (2.4), we have
fl@y) + fle+1,y+1) f@,y) + (f(@,9) + falz, ) + fy(2,9),
fl@+1y) + flz,y+1) f@,y) + (f(@,9) + falz,y) + fy(2,9),

Q

Q
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which implies

f(2i = 1,25 — 1)+ f(24,25 — 1) = (20,25 — 1) + f(24,2),
and
(D)ij =~ 0.

Therefore, the first order approximation of the Haar wavelet subbands are given
by:

(LL)ijg = 2(loo)ij,
(H)ij =~ (loo)ij — (I10)i],
(V)ij = (loo)ij — (Lo1)ij,
(D)ij =~ 0.

The high resolution image can be obtained by taking inverse Haar wavelet trans-
form on these subbands. This result shows our method no need to use I;1, hence
we only need to use 3 low resolution images for reconstruction. The low resolution
image I,1 is difficult to obtain, since the camera hard to has a precise subpixel
shift in both horizontal and vertical direction. The other low resolution images can
be taken precisely. Therefore, our method need less data and easy to implement.
Also, the first order approximation does not need boundary condition to provide
extra information. This implies our method in first order approximation does not
suffered any boundary condition problems.

2.2. Second Order Approximation

In section 2.1, we propose the first order approximation for high resolution image
wavelet subbands. If the pixels in the high resolution image change linearly, the first
order approximation gives a good reconstruction. But most of the changes are not
linear; they may be occurred in quadratic or cubic form. When the changes are not
linear, we use second or higher order Taylor series expansion to approximate the
subbands. We are concentrate on interpolate the subbands except the approximate
subband as the approximate subband can be interpolated by the low resolution
image Ipo exactly. The second order Taylor series is

F+ oyt Dy) x floy) + Dfel@y) + Dyfy(e.y) + 5 (5) fuu(e,y)
+2(A2) (DY) foy (@,y) + (DY)* fry (@, 9)).- (2.8)

Recall the equation (2.5), we have

(H)ij = f(2e—1,25— 1; - f(2i,25 - 1) n f(2i— 1,22 — f(2i,2j)-
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Using the similar technique in section 2.1 we can show that

F2i—1,2j - 1)~ f2i+1,2j - 1)  f(2i —1,2)) — f(2i +1,2))
4 + 4

+%(fmz(2i —1,2j — 1) + fou(2i — 1,25))

(H)ij =~

= 2 (Uo0)is — (1)) — (1) — (o) +1, ).

The vertical subband can be interpolated alike. To interpolate the diagonal sub-
band we define the Ps(x,y) as,

Pyz,y) = flz,y)+ fle+sy+s)—fl@+sy) —flz,y+s).
Then,
Py(2i—1,25—1)

(D)ij = 5 :

By using equation (2.8)
Py(2i — 1,2 — 1)

(D)is !
_ (Ioo)ij + (111)ij — (110)t§ — (Lo1)ij
5 )
Then the second order approximation are:
(LL)ij = 2([00)ij,
.. 3 .. .. 1 .. . .
(H)ij =~ 5((100)11 — (10)ig) — 5((110)13 — (loo)i + 1, 7),
.. 3 .. .. 1 .. ..
(V)ij =~ 5((100)13 — ({o1)ig) — 5((101)13 — (Ioo)i,j + 1),
(D)ij ~ (Ioo)ij + (111)ij — (T10)ij — (101)ij_

2

In general, the higher order approximation can give a better performance than the
lower order approximation for low-noise image. But if the low resolution images
are noisy, there could be noise amplification effects. Since the interpolation of the
diagonal subband involved all the low resolution images, we believe that the second
order approximation of the diagonal subband is more susceptible noise amplifica-
tion with noisy low resolution images than first order approximation. Suppose all
the images contain same amount of noise, the diagonal subband has the largest
noise amplification. The other subbands would not have such large noise ampli-
fication, as they are only approximated by two noisy low resolution images. The
noisy low resolution images enlarge the error of approximation, the reconstructed
image also suffer from noise and gives a poor quality. Thus, we propose to use
the first order approximation to interpolate the diagonal subband for higher order
approximation. This idea provides two advantages. First, we use the first order
approximation for the diagonal subband that means we only need 3 low resolution
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images to obtain our reconstruction. Compare with other reconstruction meth-
ods, our method needs less data to reconstruct a high resolution image. Second,
we reduce the noise amplification during the reconstruction. Since the first or-
der approximation of the diagonal subband does not include any images, which
is independent of noise. In the second order approximation, the approximated
coefficients in horizontal and vertical subbands require boundary condition to pro-
vide extra information during reconstruction especially on the last row or column
of the wavelet subband. Thus, we use 3 different boundary conditions (Periodic
boundary condition, Reflective boundary condition and Zero boundary condition)
in experiments which show our method in second order approximation is robust to
the boundary condition. Also, numerical results show our method gives a better
performance than the traditional Least-squares method.

3. Numerical Results

In this section, we illustrate the performance of the first order and second order
approximation for high resolution image reconstruction. Our method is not a it-
erative method, it is direct and fast. All the results can be generated in about
1 to 2 seconds in matlab with Pentium-4 CPU 3.2GHz computer. To study the
performance of the reconstruction method, we use the peak signal - to - noise ra-
tio (PSNR) to compare the reconstructed image f with the original image f. The
PSNR is defined as ,

PSNR = 10log;, M
If = fII3
where the size of image f is N x M.

We use the Lena image of size 512 x 512 as the original image in our experi-
ments. To obtain the set of low resolution images. We first add Gaussian white noise
to the original image. The four 254 x 254 low resolution images can be obtained
by down-sampling with factor of 2 with original boundary. Then we compare our
method with Least-squares model (Tikhonov method) [2]: Sec:2. The results of the
Least - squares model quote from Chan et al. [2]. Note that our imaging model is
slightly different from Chan et al.’s, our reconstructed image differs from their re-
constructed image by a half pixel shift in both horizontal and vertical direction so
a direct comparison is not technically fair. However, the difference is small and we
believe that the qualitative conclusions that we will draw from the results are still
meaningful. In practice, the set of the low resolution images which have the precise
subpixel shift in horizontal and vertical direction are difficult to obtain especially
the low resolution image I71. In our method, only the approximation of diagonal
subband requires low resolution image I1. Therefore, the second order approxi-
mation of the diagonal subband is replaced by the first order approximation. Now
we only need 3 low resolution images for the reconstruction.

Table 1 shows the results of reconstructed Lena image with different noise
level and boundary conditions. The second and third row shows the results of Lena
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TABLE 1. The results for the first order approximation by using
3 low resolution images

SNR Boundary Least-Squares model | 1st Order
Condition PSNR B* Approximation
Periodic 33.89 0.0197
40 Reflective 35.89 0.0134 35.82
Zero N/A N/A
Periodic 33.16 0.0216
30 Reflective 34.51 0.0175 34.54
Zero N/A N/A

image with noise level at SNR = 40dB and 30dB respectively. The results of zero
boundary condition are not available, because Chan et al. claim that the recon-
structed image would be suffered ringing effect when the zero boundary condition
are used, and the reconstruction result is worst. In second row and third column,
we compare the results of Least - square method among the boundary conditions.
We can see that the results of periodic boundary condition has about 2.0dB lower
than that of reflective boundary condition. For the first order approximation, the
reconstruction do not require any boundary conditions. Thus the result has the
unique value 35.82dB which is better than the Least - square method in periodic
and zero boundary condition. The first order approximation’s result is close to the
Least - square method in reflective boundary condition. We only use 3 low resolu-
tion images then the result is comparable to the Least - square method by using
4 low resolution images with optimum parameter. For SNR = 30dB, our method
works better than Least - square method among all boundary conditions and Least
- square method still sensitive to the boundary conditions. There are about 1.5dB
difference between periodic and reflective boundary condition. Therefore, first or-
der approximation by using 3 low resolution image is comparable to the Least -
square method by using 4 low resolution image with optimum parameter and it is
robust to the boundary condition.

TABLE 2. The results for the second order approximation by us-
ing 3 low resolution images

SNR Boundary Least-Squares model | 2nd Order
Condition PSNR B* Approximation
Periodic 33.89 0.0197 37.29
40 Reflective 35.89 0.0134 37.27
Zero N/A N/A 37.29
Periodic 33.16 0.0216 34.94
30 Reflective 34.51 0.0175 34.93
Zero N/A N/A 34.95
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Table 2 illustrate the second order approximation results with different
boundary conditions. The results of Least - square method are same as table
1. Compare table 1 and 2, we can find that there are about 1.4dB and 0.5dB
improvement from second order to first order approximation at SNR = 40dB and
30dB respectively. In the column 4, we can see that the second order approxi-
mation obtain very close results among the boundary conditions in SNR = 40dB
and 30dB. The difference between the boundary conditions are only 0.02dB. This
shows our method is robust to boundary condition. Also, table 2 also shows the
second order approximation is superior to Least - square method.

4. Conclusion and Further Work

From the experiment results, our method only uses three low resolution images
which give a better performance than the traditional Least-square method by using
4 low resolution images with optimum parameter. One of the most important
observation is that our method can work well with zero boundary condition thus
avoiding the justify which boundary condition to use. Our method works extremely
well in the low-noise case. In the noisy image case, it is only slightly better than
the Least-squares model. However, we only need 3 low resolution images. We shall
integrate wavelet denoising technique into our method to improve the results for
noisy images. To sum up, our method can work with just 3 low resolution images
and is robust to the boundary condition. Since the [1; image is very difficult to
obtain accurately, our method do not need this image also give a good result. It
is a direct, fast and easy to implement method. Our method can work with wider
class of images as it can work with zero boundary condition. Also, our method
has a far superior results in noise case. In the future, we will concentrate on
remove noise with the reconstructed image and attempt other interpolate method
to approximate the wavelet subbands.
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The Design of Hilbert Transform Pairs
in Dual-Tree Complex Wavelet Transform

Fengxia Yan, Lizhi Cheng and Hongxia Wang

Abstract. An approach for designing biorthogonal dual-tree complex wavelet
transform filters is proposed, where the two related wavelets form an approx-
imate Hilbert transform pair. Different from the existing design techniques,
the two wavelet filter banks obtained here are both of linear phase. By adjust-
ing the parameters, wavelet filters with rational coefficients may be achieved.
The designed examples show that the lengths of wavelet filters may be ef-
fectively shorted while efficient approximation to Hilbert transform pairs is
still kept. The validity of the proposed design scheme is exhibited through an
application to dual-tree complex wavelet for iris image enhancement.

Keywords. Hilbert transform pairs, biorthogonal wavelet, linear phase, dual-
tree complex wavelet, iris image enhancement.

1. Introduction

The real Discrete Wavelet Transform (DWT) is a powerful tool for signal and image
processing. It, however, has some disadvantages, including, (1) It is shift-sensitive
because the input signal shift generates unpredictable changes in DWT coefficients;
(2) It suffers from poor directionality because DWT coefficients reveal merely three
spatial orientations; (3) It lacks of the phase information that accurately describes
non-stationary signal behavior; that undermine its usage in many applications.
Many researchers have proposed different techniques to overcome simultaneously
some or all of these drawbacks [1-5]. In recent years, some researchers proposed to
design two wavelet bases to work together in order to gain some specific effects.
In particular, Kingsbury has demonstrated that dramatic improvements can
be achieved in wavelet-based signal processing by utilizing a pair of wavelet trans-
forms where the wavelets form a Hilbert transform pair. Kingsbury calls a wavelet

This work was supported by the National Science Foundation of China (NSFC) under Grant
60573027.
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FIGURE 1. Biorthogonal wavelet filter banks

transform of this type a dual-tree complex wavelet transform (DT-CWT) [5-6],
which is a form of discrete wavelet transform which generates complex coefficients
by using a dual tree of wavelet filters to obtain their real and imaginary parts.
The DT-CWT, which is based on (approximate) Hilbert pairs of wavelets, has
many advantages such as shift-invariance, directional selectivity, perfect recon-
struction, limited redundancy and offering phase information. The obtained phase
information is associated with quasi-analytic wavelet decomposition and has been
exploited for various image-processing applications [7-8]. Selesnick formulated the
design problem in [9] for the minimal length scaling filters such that 1) the wavelets
each has a specified number of vanishing moments, and 2) the half-sample delay
approximation is flat at w = 0 with specified degree. However, his formulation
leads to nonlinear design equations, and the filters would have to be obtained us-
ing Grobner bases. In [10-11], he describes the other two design procedures based
on spectral factorization. But the wavelet filters designed by these methods are of
long length and nonlinear phase.

In this paper, we present a new algorithm for designing two biorthogonal
wavelets forming a Hilbert transform pair approximately. Wavelet filter banks ob-
tained here are all of linear phase, i.e., their coefficients are all symmetric. Results
of the designed examples show that our algorithm can shorten the length of the
filters efficiently while still keep the satisfied approximation to Hilbert transform
pairs. Furthermore, we use the designed filter banks in dual-tree complex wavelet
transform for iris image enhancement. Results of experiments show that our design
method is effective for reducing computational complexity and improving perfor-
mance.

2. The Design of Linear Phase Biorthogonal Wavelet Filters
2.1. Biorthogonal Wavelet Filter Banks

Fig. 1 is the filter scheme of one level biorthogonal wavelet decomposition and
reconstruction. Multirate filter analysis shows that
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1 ~ 1
X(2) = §[Xo(2) + Xo(=2)[Ho(2) + 5 [X1(2) + X1 (=2)| Ha(2)
1 ~ -
= [Ho(2)Ho(2) + Hi(2)Hi(2)] X (2) (2.1)
1 ~ -
5 [Ho(=2)Ho(2) + Hi(=2) H1(2)] X (~2).
The first perfect reconstruction (PR) condition requires aliasing cancellation and
forces the above term in X (—z) to be zero. Hence Hy(—z)Ho(z)+ H1(—2)H1(2) =
0, this can be achieved if
Hy(z) = 27 *Hy(—2), Hi(2) = 2" Ho(—2) (2.2)
where k must be odd (usually k¥ = +1 ). The second PR condition is that the trans-
fer function from X (z) to X (z) should be unity; i.e. Ho(2)Ho(2)+Hi(2)Hy(2) = 2.
If we define a product filter P(z) = Ho(z)Ho(z), then the PR condition becomes
P(z) 4+ P(—z) =2. (2.3)
Equivalently,

> " ho(n)ho(n + 2k) = 6(k). (2.4)
Besides, the low pass filers should satisfy the following normalization conditions

> ho(n) =v2, Y ho(n) = V2. (2.5)

Considering the filter banks (FB) in Fig. 1 are not only PR FB but also wavelet
systems, let N and N denote the number of vanishing moments of the wavelet and
its dual, respectively, we have the following equations

> (=1)"nfho(n) = 0, k=0,1,..,N—1

n

> (=1)"nFho(n) = 0, k=0,1,..,N—1. (2.6)

n

2.2. The Design of Linear Phase Biorthogonal Wavelet Filters with a Parameter

Assuming the biorthogonal wavelet filter banks are linear phase, and let L and L
be the length of Hy(z) and Hp(z), and N, N be the vanishing moments. Then,
one can represent Hy(z) and Hp(z) in the form of

Ho(2) = Q(2)(1 + 21N, Ho(2) = Q(2)(1 + 2~ )N, (2.7)
When felicitously select the length of the scale filters and the vanishing moments,
we can obtain a group of biorthogonal PR filters with a parameter by solving the
equations (2.4)-(2.6). As the technique in [12], in order to achieve biorthogonal
wavelet filters, using equation (2.7), we employ Daubechies’s Theorem [13, 14]
to determine the interval which the parameter can be included. The following
examples give the coefficient lists with a parameter and the intervals which the
corresponding parameters can be included.



434 F. Yan, L. Cheng and H. Wang
Example 1: with L=7, L=9and N=2, N =4

t 1-2t t+4 3+2t t+4 1-2t t

ho = {=916"16 "6 8 16 16 ' 16
Py — {8t3—6t2+3t —16t3 4+ 20t2 — 12t +3 —8t% + 6t + 5t + 20
32(1+2t) 32(1+ 2t) ’ 16(1 + 2t) ’
2t —3 163 — 20t +28t+5 2t —3
8(1+2t) 32(1 + 2t) ’8(1+2t)""}

The parameter ¢ € [0.186,1.129).
Example 2: with L =6, L=10and N =3, N =3

1 1 1 1
g = {s, §(1 + 8s), §(3 — 16s), §(3 — 16s), §(1 +8s), s}
_ {5(3 + 48s + 5125%) (1 + 8s)(3 + 48s + 512s?)
g = 8(—1+16s) 64(1 — 16s) ’
~1 7+ 288s + 1280s% + 81925s3)
— (9 + 1125 + 5125?), ,
gp (0T 1128 +5125°) 64(—1 + 16s)
45 — 304s — 5125 7+ 288s + 128052 + 8192s?) )
64(1— 16s) ' 64(—1 + 16s) ’

The parameter s € [—0.186, 0.31].
Example 3: with L = §, EzSandN:E), N=1

96s+1 32s+5 5(16s—1) 5(16s—1) 32s+5 96s+1
9o = =T T 16 0 16 0 20 32 f
25(3 4 192s + 8192s%) (1 + 965)(3 + 192s + 81925s%)
o = Ao 645 — 1 ’ 16(1 — 64s) ’

15 + 7365 + 266245% + 78643253

16(1 — 64s) ’
5 — 40s 4 15365 + 655365° 5 — 405 + 15365 + 655363
4(1 — 64s) ’ 4(1 — 64s)

}

7}

The parameter s € [—0.336, 0.368].

Using this technique, we can obtain many other linear phase biorthogonal
wavelet filters which include a parameter, such as biorthogonal wavelets filters
with L =7 L=13and N =4, N=4,L =11, L=5and N =4, N = 2;
L =38, f/=4andN=3, 1\721; etc.
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3. The Hilbert Transform Pairs of Biorthogonal Wavelet Bases

3.1. The Hilbert Transform Pairs

Recall the definition of Hilbert transform, v4(t) is the Hilbert transform of v, (t),
if

5 | —jn(w),w >0 . _

hg(w) = { (), < 0 i.e. hg(t) = H{vn(t)}. (3.1)
Let {Ho(2), H1(2); Ho(2), Hi(2)} and {Go(z), G1(2); Go(z), G1(2)} are two biortho-
gonal wavelet filter banks. They both satisfy the above conditions (2.1)-(2.6), and
the corresponding wavelets functions are {15 (t), ¥n(t)} and {1, (t), 1y (t)} respec-
tively. If y(t) = H{n()} and Gy(t) = —H{n(0)}, then {n(t), ¥n(t)} and
{44(t),1y(t)} are called as Hilbert transform pairs [15]. Furthermore, if both the
scale filters Hy(z) and Go(z) of the two biorthogonal wavelet filter banks are lin-
ear phase, and the corresponding wavelet functions 14(t) is the Hilbert transform
of ¥ (t), then the lengths of Hy(z) and Go(z) need to be odd and even sepa-
rately. It fitly accords with the dual-tree complex wavelet transform introduced by
Kingsbury. Since the wavelet bases form a Hilbert transform pair, the frequency
response of the function ¢y, (t) + jiy(t) must have high attenuation in the region
—00 < w < 0, i.e. Yp(w)~+j1hy(w) approximates zero as w < 0. We consider finding

suitable filters by maximizing
max |O(w)|?
ﬁ, (3-2)
f_oo |O(w)|” dw

where O(w) L Yu(w) + g (w).

3.2. The Design of Hilbert Transform Pairs of Biorthogonal Wavelet

In section 2.2, we have obtained many groups of biorthogonal linear phase wavelet
filters with a parameter. To form Hilbert transform pairs, we let the lengths of
Hy(z) and Go(z), which corresponding to the analysis filters of the two trees of the
dual-tree complex wavelet, to be odd and even separately. The optimal parameter
set a* = (t*, s*) can be obtained from

O(w)I2
o = arg max max|0(w)]

i el A 3.3
a [0 _10W)] dw 3.3)

where a = (t, s) denote the parameter set of the biorthogonal wavelet filters to be
designed. Once the parameters ¢t and s are known, the scale and wavelet functions
Ho(z), Ho(z), Go(z) and Go(z) can be easily computed. The wavelet functions are
generated by the following equations (z = /% and H(w)=H (e/*)):

{sah(w):;@f?o(“;)@h(ﬁ) on(w) = J5Ho (%)
Lm

I = L (2)61(2) ) i) = i .
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FIGURE 3. (a) 9-7 and 8-8 biorthogonal wavelet functions (b)[¢n(w) + jtbg(w)]

According to the above design procedure, we construct three groups of Hilbert
transform pairs. The corresponding optimal parameters are obtained by solving
(3.3). The values of the optimal parameters (t*,s*) and the figures of the corre-
sponding wavelet functions and [y, (w) + ji4(w)| are given below.

Example 1: 13-7 tap and 10-6 tap linear phase biorthogonal wavelet filters
which the corresponding wavelet functions constitute approximate Hilbert trans-
form pairs. t* = —0.016, s* = —0.008 FEzample 2: 9-7 tap and 8-8 tap linear
phase biorthogonal wavelet filters which the corresponding wavelet functions con-
stitute approximate Hilbert transform pairs. t* = 0.244, s* = —0.020 Ezam-
ple 3: 13-7 tap and 8-8 tap linear phase biorthogonal wavelet filters which the
corresponding wavelet functions constitute approximate Hilbert transform pairs.
t* = —0.025, s* = —0.025 Especially, the parameters t* and s* can be approx-
imated properly by some rational ), 0 30 Skiiionar, SO that the coeflicients
of the two filter banks are all rational numbers. For example, as to Fzample 1
, we can choose ¢, = —1/64, si iona = —1/128. Then the corresponding
symmetric rational coefficients of the scaling filters are as follows:
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FIGURE 4. (a) 13-7 and 8-8 biorthogonal wavelet functions (b)|¢n(w) + jtbg(w)]

1 1 17 7 17 1 1
h S L -
o(n) "6 3264 1664 32 62
- 1 1 149 105 1267 443 1259 443
3xhon) = {— — — - - - et A
64 32 1024 1024 2048 512 512 512
1 15 2525 15 1
I
85 1275 2349 1235 1515 1515 1235

4096 4096 2048 2048 256 256 2048 b
As to Ezample 2 , we choose t* =1/8, s* —1/64, then the corre-

rational rational —
sponding symmetric rational coeflicients of the scaling filters are:

1 3 33 13 33 3 1

ho) = {0~ 158 64 128 32 128 64 128

~ 19 57 11 263 1325 263
10 x h = (= = m
X ho(n) {256 128 4 128 128 128 '

1 19259 1 1

64 64 64 64 64 64 64

- 1 1 7 2323 7 1 1
o) = {5 3 s 32 323 (3.6)
Since all the denominators of the coefficients have the form of 2¢, k € Z, the
operations needed for the wavelet transform using these two groups of filters are
only additions and shifts. Hence the complex wavelet transform can be computed
very quickly. The figures (Fig.2-Fig.4) show that the wavelet functions designed
in these examples are quite smooth and short supported, and | (w) + jig(w)|
approximate zero for w < 0 as expected in each example. Comparing these figures
with the designed results in [11], we find that they perform as well as the Example
3 of [11] in approximating a Hilbert transform pair. But the lengths of filters
in our examples are much shorter (the filters of Example 3 in [11] are of length
13 and 11) and the corresponding wavelet functions are smoother, furthermore,
the coefficients are symmetric, while in [11] are all asymmetric. Since we focus
on designing linear phase biorthogonal FIR wavelet filters to form approximate

9% go(n) = A (3.5)
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Hilbert transform pairs, the corresponding complex wavelet transform provides a
fast algorithm and a rapid, multiscale decomposition.

4. Application in Dual-Tree Complex Wavelet Transform for Iris
Image Enhancement

Reliable automatic recognition of persons based on biometrics has been receiving
extensive attention over the past decade. Recently, iris recognition is becoming
an active topic in biometric due to its high reliability for personal identification
[16-19]. In [19], the iris image preprocessing includes three steps: i) localization;
ii) normalization; iii) enhancement. The iris image enhancement is an important
step in the iris recognition system for the reasons in [19].

As far as image-processing applications are concerned, the main advantage
as compared to the DWT is that the complex wavelet transform can give shift
invariance and better directionality. As mentioned in section 3, the wavelet fil-
ter banks designed in this paper are of symmetric coefficients, shorter length
and can generate smoother wavelets. These properties are quite advantageous to
their application in complex wavelet transform for image processing, such as im-
age enhancement. Fig.5 is the scheme of 1D dual-tree complex wavelet trans-
form introduced by Kingsbury in [6], where {Ho(z), H1(z); Ho(2), Hi(2)} and
{Go(2),G1(2); Go(2), G1(2)} are two biorthogonal wavelet filter banks. When the
two wavelets form a Hilbert transform pair, and two trees are sub-sampled differ-
ently, the whole transform is not only PR but also approximately shift invariant.

Using dual-tree complex wavelet transform of the linear phase biorthogonal
wavelet pairs of Ezample 2 (9-7 and 8-8 biorthogonal wavelet filters in equation
(3.6)) in section 3.2, we consider enhancing the iris image by the enhancement
algorithm introduced in [15]. Fig.6 represents the preprocessing procedures of the
iris image. The methods of localization, normalization and estimation of local av-
erage intensity are as in [19]. Fig.6 (d) is subtracted from the normalized image to
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(d)

FIGURE 6. Iris image preprocessing: (a) original image; (b) lo-
calized image; (c) normalized image; (d) estimated local average
intensity

compensate for a variety of lighting conditions. Fig.7 lists the enhanced results of
the lighting corrected iris image: (a) is the enhanced image by the local histogram
equalization [19]; (b) is the enhance image by DWT [20]; (c) is the enhanced image
by our DT-CWT method. We can see that in the iris texture region, the enhanced
iris image based on the dual-tree complex wavelet transform shows more clearly
details of the randomly distributed and irregular small blocks, which constitute
the most distinguishing characteristics of the iris; while in the non-texture region,
it is smoother and introduces less distortional information. The improvement of
the performance mainly due to the good properties of shift invariance and better
directionality of the DT-CWT. Because the coefficients of all filters are symmetric
and rational, the computational complexity is remarkably reduced. All these prop-
erties will benefit the subsequent processing in feature extraction and matching.

5. Conclusion

This paper presents the design of Hilbert transform pairs formed by two biorthog-
onal wavelet bases and their applications in DT-CWT for iris image enhancement.
In terms of our new designing scheme, we can obtain wavelet filters which are all
of linear phases and quite short lengths. Furthermore, the corresponding wavelet
functions would be smoother than those designed by the existing algorithms. Espe-
cially, wavelet filters with rational coefficients have been obtained by adjusting the
parameters, which can effectively reduce the computational complexity in the com-
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FIGURE 7. (a) Enhanced image by local histogram equalization;
(b) Enhanced image by DWT; (c¢) Enhanced image by our DT-
CWT method

plex wavelet transform. The new designed Hilbert transform pairs of biorthogonal
wavelet filters have been used in dual-tree complex wavelet transform to enhance
the iris image. Experiment results show that the algorithm based on dual-tree
complex wavelet do perform better than those based on real wavelet transform
and local histogram equalization.
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Supervised Learning Using Characteristic
Generalized Gaussian Density

and Its Application to Chinese Materia
Medica Identification

S.K. Choy and C.S. Tong

Abstract. This paper presents the estimation of the characteristic generalized
Gaussian density (CGGD) given a set of known GGD distributions based on
some optimization techniques, and its application to the Chinese Materia
Medica identification. The CGGD parameters are estimated by minimizing
the distance between the CGGD distribution and known GGD distributions.
Our experimental results show that the proposed signature based on the
CGGD together with the use of Kullback-Leibler distance outperforms the
traditional wavelet-based energy signature. The recognition rate for the pro-
posed method is higher than the energy signature by at least 10% to around
60% - 70%. Nevertheless, the extraction of CGGD estimators still retains com-
parable level of computational complexity. In general, our proposed method is
very competitive compared with many other existing Chinese Materia Medica

classification methods.

Mathematics Subject Classification (2000). Primary 68T10; Secondary 65T60.

Keywords. supervised learning, generalized Gaussian density, Kullback-Leibler

distance, similarity measurement, wavelets.

1. Introduction

Wavelets have recently emerged as an effective tool to analyze texture information
as they provide a multi-resolution and orientation representation of an image by
efficient transform. Thus, several well-known texture signatures such as generalized
Gaussian density [1-2] signature, energy [3] signature, co-occurrence [4] signature,
high order moments and wavelet-domain Hidden Markov Tree models [5-6] based

on wavelet subbands are widely used in texture image retrieval.
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For the image classification problem, a wide variety of texture feature ex-
traction methods have been proposed based on different techniques. Some features
are extracted directly from the gray-scale image and make use of its co-occurrence
properties [7], whereas some are extracted by wavelet transform followed by ap-
plying statistical measure on the transformed coefficients [3-6].

For the GGD signature, it has been shown that the image retrieval perfor-
mance is superior to many other existing techniques. However, the GGD signature
is seldom used for supervised learning (image classification). The main reason is
that a slight change in GGD parameters may lead to a substantial variation in
its distribution and hence it is difficult to characterize a benchmark distribution
from known GGD distributions. In this paper, we will show how to estimate the
characteristic GGD given a series of known GGD distributions based on some opti-
mization techniques. We will also study and compare the recognition performance
of the CGGD with the energy signature on Chinese drugs identification.

The outline of this paper is as follows. In the next section, we review several
wavelet-based features including the energy signature and the generalized Gauss-
ian density signature. In section 3, we measure the discrepancy between GGD
distributions based on Kullback-Leibler distance and define the CGGD as the dis-
tribution that minimizes the mean discrepancy to known GGD distributions. In
section 4, we conduct an experiment and summarize the classification results of
a feasibility study on 10 Chinese Materia Medica. Then, we conclude with some
discussions in section 5.

2. Review of Wavelet Signatures

For N levels’ discrete wavelet transform, the image is decomposed into 8N high-
pass subbands and one low-pass subband. Note that all wavelet signatures dis-
cussed in this paper are derived from high-pass subbands and thus the low-pass
subband will be neglected. The standard order of the 8N subbands (hereafter
high-pass subband is referred to as subband) is labeled as follows

{S1,8,...,8358} = {NHL,NLH,NHH,...,1HL,1LH,1HH}, (1)

where NHL, NLH and NHH are subbands with horizontal, vertical and diagonal
detail coefficients at level N respectively. In this section, we shall only report
the wavelet-based energy signature and the GGD signature to characterize each
subband.

2.1. Energy Signature

Let Sy be the k' subband of size X x Yand h; ; be its (i, )" coefficient, then the
root-mean-square (RMS) energy of Sy, is defined as

1/2

1 Y X )
Es = | %y ; ; hig | 2)
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The RMS energy signature {Es, }x=12,. 3~ represents the distribution of
the energy of the subbands. An alternative measure of the energy signature is the
mean of the absolute value of the subband and is given by

1 Y X
ABg, = LSS byl (3)

j=1i=1
In practice, the combination of Eg, and AEg, are often used to enhance the re-

trieval rate or as a feature vector for classification. Here, we refer to { Es, }r=1,2,.. 3~
U{AEs, } k=12, 3~ as the Extended Energy (EE) signature.

2.2. Modelling of Wavelet Coeflicients by Generalized Gaussian Density

Experiments show that for a variety of images, the distribution of the wavelet
coefficients of all subbands can be modeled by the GGD, which is defined as

p(h; o, B) = B e, (@)

2al'(1/B)
where I'(z) = fooo e~t*~1dt, z > 0 is the Gamma function. Here, @ models the
width of the pdf (standard deviation) whereas [ corresponds to the shape of the
GGD. Note that 8 = 2 yields the Gaussian density function and § = 1 yields the
Laplacian density function. The GGD parameters o and § can be estimated by
Maximum Likelihood Estimation (MLE) [1] or Moment Estimation (ME) [2]. The
GGD signature of an image is then referred to as {as,, Bs, tk=1,2,...3N-

3. Similarity Measurement

In pattern recognition, classification of images can be treated as measuring the dis-
crepancy between feature vectors (i.e. input test feature vector and characteristic
feature vector). For the EE signature, the simplest measure is to use norm-based
metric. For the GGD signature, it is noted that a slight change in GGD parameters
may lead to a substantial deviation in its distribution. Thus, it is more reason-
able to measure the similarity (or equivalently, discrepancy) between the actual
GGD distributions rather than their parameters. Here, we shall adopt the use of
Kullback-Leibler distance (KLD) to measure the discrepancy of two distributions
p and ¢ and it is given by

P

where log(p;/q:) is defined to be zero for p; = 0 or ¢; = 0 . Substitute Eq. (4)
into Eq. (5) and after some manipulations. We have the following form for the
Kullback-Leibler distance between two GGD distributions [1]
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as I'(1/51) B2
(6)

D{p1(s, a1, B1), pa(o, ag,ﬂg)}:log(’gIQQF(l/ﬂQ)>+<a1>52 D((B+1)/p1) 1

BaouI'(1/ 1) as

Hence, two GGDs are close to each other when D(p1, p2) is small and vice versa
and the discrepancy between two wavelet subbands can be calculated accurately
using only the GGD parameters.

3.1. Estimation of Characteristic GGD

In addition to computing the discrepancy between two GAGDS, it is also desirable
to estimate the characteristic GGD distribution p(e, &, 3) given L known GGD
distributions {p(e, o, B;) }i=1,2,...r in which the CGGD best fits the known GGD

distributions. Let 0; = (a;,3;) and J(6;,0) = Z{;l D{p(e,0;),p(e,0)}. Mathe-
matically, it computes

0 = argmin J (0;,0), (7)

- (
S [wilogai + %\IJ(%)

1 B w 1 B
1+ B [log <Ll> + \I/(B)] - Zle o =0, (9)

which yields

=l

L \UB
Z wi) ’ (8)
=1

B 2 . ’
where w; = W, and ¥(z) = % is a di-gamma function. The transcen-

dental equation (9) can be solved numerically using Newton-Raphson or Brent’s
iterative algorithm. The solution p(e, &, 3) (see Fig. 1) is then the CGGD distri-
bution generated by {p(e, v, 8;)}i=1,2,...- By Eq. (6), the total distance (TD)
between a test image Q; = {agk), gk)}k:1727m73]\] and the CGGD Q, = {olék),
Bék)}k:1727,_,73 ~ obtained from the training images is the sum of all the distance D
between two corresponding subbands in the same level. i.e.

3N
TD{Q1,Q2} =Y DoY), ply)). (10)
k=1

The CGGD provides an effective characterization of GGD distributions and thus
the supervised learning based on CGGD parameters can be implemented very ef-
ficiently. In addition, the computational complexity in the similarity measurement
and the storage of the signature is vastly reduced compared with using the whole
set of wavelet coefficients, which may contain hundreds of parameters.
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FiGURE 2. Ten different types of gray-scale starch grains im-
ages; from left to right, and top to bottom: BaiZhi, Ban-
LanGen, ChuanWu, FenFanglJi, GuangFangJi, ShanYao, Tian-
HuaFen, TianNanXing, TuFuLing, ZheBeiMu.

4. Experimental Results and Discussion

4.1. Background of Chinese Materia Medica Identification

Chinese Materia Medica (CMM) is becoming very popular worldwide. But in order
to secure its worldwide adoption, efficient yet effective methods for classification
of the ingredients of CMM is of paramount importance. The traditional method
relies on human senses and is quite subjective. It also requires very long training
times and can only be taught in interactive environment. Since misclassification
can have serious consequences, more accurate and objective technique is sought.

More recently, a number of research papers and reports in CMM identification
using image processing techniques have already been published, and the methods
of extracting information for herbs classification had been investigated. One of the
classification techniques [8] was based on a powder-form starch grains image (see
Fig. 2). A segmented sample of grains in the binarized image is chosen manually
and randomly and each sample is further processed to obtain basic features such
as area and perimeter for classification. This process, however, is time-consuming
and subjective and therefore it is undesirable for herbs classification in real time
application.

One of our motivations in this paper is to apply the CGGD signature with a
suitable discrepancy measure on the starch grains image for classification and then
to build an efficient, objective, and accurate classification system, thus rendering
the drug identification process objective and automated, serving as a benchmark
standard for CMM identification.
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TABLE 1. Recognition rates of wavelet signatures using different measures

Signature+Discrepancy Measure | Recognition rate
EE+Lq 40.00%
CGGD+KLD 64.00%

4.2. Supervised Learning and Recognition Performance

Ten images have been taken for each of 10 different Chinese drugs (see Fig. 2):
5 sample images for each drug are used for training and the other 5 reserved for
testing. Note that all signatures in this paper are derived by 2-levels’ wavelet
decomposition with coiflet 5 as a wavelet function. In the training phase, 10
characteristic EE signatures via Eq. (2) and Eq. (3) are obtained by consider-
ing the mean of the training feature vectors and the 10 sets of CGGD signatures
{&2, 7Y iz12....10;j=1.2....6 are also obtained via Eq. (8) and Eq. (9).

In the testing phase, we compare the EE signature of an input test sample
with each of the 10 characteristic EE signatures using L, — norm. For the GGD
signature, we compare the test GGD signature with each of the 10 CGGD signa-
tures by using Eq. (10). That is, if we denote 2; as a characteristic image signature
of the i*" drug and Q, as a signature of the input test sample. Then the input test
sample is assigned to the i" drug if

d[Qi, Q] < d[Q,Q], fori#j;5=1,2,...,10, (11)

where d[e] is some distance measures. In this paper, we shall only report the results
based on two measures of discrepancy, namely, L; —norm for the EE signature and
the KLD distance for the CGGD. Table 1 shows the summary of the recognition
rates for the two signatures using two measures of discrepancy. Note that using
the GGD parameters obtained by optimization method leads to recognition rate
of 64%. For the EE signature with L; —norm, the recognition rate is 40% which is
considered unsatisfactory. This indicates that our proposed CGGD is more robust
than the EE signature.

Instead of using 5 training samples, it is of interest to know the recognition
rate using different number of training samples. Figure 3 plots the recognition
rates vs. number of samples used in the training phase. Note that the classification
performance for the CGGD+KLD is always better than the EE+L; and we can
achieve 70% recognition using 7 training samples. In particular, it is observed
that the classification rate for the CGGD+KLD increases monotonically with the
number of training samples, while there is an unstable sharp change for the EE+ L,
(when no. of training samples = 5). This implies again our proposed CGGD is a
robust feature and has a better recognition performance. The only drawback for
the CGGD is that the computational complexity is higher than the EE signature
as the transcendental Eq. (9) is a highly non-linear equation which needs to be
solved numerically.
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FIGURE 3. Recognition rates vs. no. of training samples

In addition to the top 1 recognition, it is often desirable to ensure that the
correct drug should be the top M ”closest” to the input test sample. This can
be referred to as the cumulative percentage of the input test sample belonging to
one of the top M best matches. In the 5-training samples case, we can achieve
80% top M recognition rate at M = 2 for the CGGD+KLD, which is considered
satisfactory. If we use 7 training samples, the top M recognition rate is over 90% at
M = 2. This suggests that we can apply the proposed feature in conjunction with
other features (e.g. high order moments) to carry out a multi-stage recognition to
further improve the classification performance.

5. Conclusions

We have introduced the estimation of the characteristic generalized Gaussian den-
sity and made use of it with the Kullback-Leibler distance to identify Chinese
Materia Medica. The CGGD parameters are estimated by minimizing a mean dis-
tance between a CGGD distribution and a set of known GGD distributions. These
CGGD parameters provide an effective characterization of GGD distributions and
thus are suitable for supervised learning.

Our experiments show that the CGGD and KLD seem to be an effective
signature and discrepancy measure in this small scale study. The recognition per-
formance for the CGGD+KLD outperforms the EE+L; by at least 10% which is
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considered satisfactory. Moreover, our proposed method is efficient and objective
compared with many other existing CMM classification methods in which manual
segmentation is necessary.

For a large scale study, we are currently extracting more independent features
to further improve the recognition performance such as exploiting the feature from
spatial statistics. We are also investigating the use of more sophisticated statisti-
cal techniques (e.g. using clustering analysis) and design a statistical multi-stage
recognition system for classification.
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A Novel Algorithm of Singular Points Detection
for Fingerprint Images

Taizhe Tan and Jiwu Huang

Abstract. It is very important to effectively detect singularities (core and
delta)for fingerprint matching, fingerprint classification and orientation flow
modeling. In this paper, based on multilevel partitions in a fingerprint image,
we present a new method of singularity detection to improve the accuracy and
reliability of the singularities. Firstly, based on the information of the orienta-
tion field, with the Poincaré index method, we detect singularities which are
estimated by different block sizes and various methods of orientation field es-
timation (smoothing or no smoothing). Secondly, based on the corresponding
relationship between the singularities detected by multilevel block sizes and
by different methods of orientation field estimation, we extract the singular-
ities precisely and reliably. Finally, an experiment is done in the NJU-2000
fingerprint database that has 2500 fingerprints. The result shows that the
method performs well and it is robust to poor quality images.

Keywords. fingerprint, singularity, multilevel partitions, orientation field
smoothing.

1. Introduction

In recent years, the automatic fingerprint authentication technology has received
more attention since fingerprint recognition based on distinctive personal traits has
the potential to become an irreplaceable part of many identification systems [1, 2.
In a general way, in a fingerprint authentication system, it mainly includes finger-
print collection, fingerprint feature extraction, fingerprint matching and fingerprint
classification and so on. Moreover, the fingerprint classification|[3, 4, 5, 6, 7, 8] can
be directly determined by the number, type and positions of the singular points.
The singular points also represent the intrinsic points of reference within the fin-
gerprint image and can therefore be used to register or approximately align two

This work was completed with the support of the Foundation for Doctor Start-up of Guangdong
University of Technology(053017).
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different images during matching. Thus, it is of great significance that the singu-
larities are detected accurately and reliably.

Global patterns of ridges and furrows form special configurations in the cen-
tral region of fingerprint, which is called pattern area. The pattern areas of loop or
whorl types of fingerprints contain two types of singular points (delta and core).
The delta provides the starting point for ridge tracing and ridge counting. The core
can be used as reference point during fingerprint matching. The singular points
are shown in Fig. 1.

FIGURE 1. Examples of core point and delta point

There are some papers which have touched directly upon singularity detection
of fingerprint images. Herny[9]defines the core as the upper point of the innermost
ridge of the fingerprint. Srinivasan and Murthy[10]proposed an approach based
on the examination of the local characteristics of the orientation image. They
examined the dominant direction of the orientation in four quadrants around each
point and used several rules to detect and classify the singular points. This method
is very heuristic in its approach. An interesting implementation of the Poincaré
method for locating singular points was proposed by Bazen and Gerez[11]. In this
method, according to Green’s theorem, a closed line integral over a vector field can
be calculated as a surface integral over the rotation of this vector field; in practice,
instead of summing angle differences along a closed path, the authors compute the
"rotation” of the orientation image (through a further differentiation) and then
perform a local integration (sum) in a small neighborhood of each element. Zhang
et al.[12] suggested the corner detection method to find the region of singularities
and gray level of ridges was tracked to get the position of singularities. However,
estimating the location of the singular point itself is a difficult problem. Existing
methods are based on computing the Poincaré index of the orientation image
at each pixel position. These methods are sensitive to noise and generate many
false singularities in noisy images. An elegant and practical method based on the
Poincaré index being the main method for singularity detection was proposed
by Kawagoe and Tojo[4]. Most of the approaches addressed in the literature for
singularity detection operate on the fingerprint orientation image.

For images of better quality, the focus is how to fix the precise locations of
singular points. For different partition sizes, the larger the partition size is, the
more the position windage is. But the robust of the arithmetic is bad when the
partition size is comparatively small. Whereas low quality images have serious noise
pollution, the reliable orientation field estimation becomes difficult intrinsically, so
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the precise locations of singular points are difficult to identify, meanwhile, there
are many fake singularities detected in the mistaken directions. Thereby it is a very
arduous task to effectively detect singularities from the fingerprint images. In this
paper, in order to improve the precision and reliability of the detected singularities,
we detect the singularities by partitioning the fingerprint image with multilevel
sizes and using the relationship characters of locations of the estimated singularities
based on the different methods for estimating the fingerprint orientation field,
where the singularities detection is based on the Poincaré index.

This paper is organized as follows. The traditional Poincaré index theory and
our method are introduced in section 2. Section 3 describes our detailed arithmetic.
Experiments and discussions are given in the last section.

2. Singularity Detection Based on Poincaré Index

Poincaré index suggested by Kawagoe and Tojo[4] is used to detect singularities.
Let o' be the orientation field of fingerprint image, the Poincaré index at pixel
(i,7) of image which is enclosed by the digital curve can be computed as formula
2.1-2.4.

Poincaré(i, j) ZA (2.1)
o(k), if | 5( )< 5
A(k)=q m+d(k), ifd(k) <—F; (2.2)

k
—6(k), otherwise.
y(i

o(k) = 0’(‘1’ ( 1), Wy (i) = 0 (Va(i), Ty (i) (2.3)

i'"=(i+1) mod Ny (2.4)

Where ¥, (i) and¥, (i) are the  and y coordinates of the ith point of a closed

digital curve with Ng pixels respectively. The point(, j) will be core point if the

value of Poincaré index is 1/2, and delta point if the value of Poincaré index is
-1/2.

K. Karu et al.[5] and J. G Chen et al.[8] both present the methods of singular
points based on Poincaré index. In both methods, the measures of eliminating the
noise pollution are taken. Although the method of smoothing time after time and
iterative computing by K. Karu et al.[5] eliminates the noises partially, the model
area information tends to be changed, besides the precision of the position of sin-
gularities is debased and /or the true singularities are lost, and the computation
complexity is also increased. Moreover, using the different templates to check sin-
gularities, J. G Chen et al.[8] address the method of eliminating the noises in a way.
But the singular points near fingerprint image margin are difficult to be detected
since the sizes of the blocks and the template for Poincaré index computation are
larger.

Both the methods above have their own merits and demerits respectively. In
this paper, we present a method as follows: Firstly, fingerprint images are par-
titioned with multilevel block sizes and ridge directions of each block image are
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e

FIGURE 2. Singularities detected with our method, and corre-
sponding relationship between these singularities’ positions

estimated by smoothing and no smoothing processing respectively. By using the
information of the estimated block directions, the Poincaré index of the centre
point of each block is computed, and the types and locations of the singular points
for different partitions are determined with the Poincaré index computed. Sec-
ondly, in order to ensure the locations of singularities are relatively precise, the
centroid of the convergence area of the singularities detected in same way (block
size) is regarded as the location of singular point of this partition way. There is
a corresponding position relationship among the singularities detected by multi-
level partitions and by the above-mentioned methods (shown in Fig. 2). For the
sake of getting the precise locations of singularities, the locations of the singu-
larities detected by the way of the small block size and no smoothing directions
are regarded as the true locations of the final singularities. Finally, based on the
corresponding relationship between the singularities detected by multilevel parti-
tions and by different methods of orientation field estimation, we eliminate the
false singularities, and retain the true, thereby the precision and reliability of the
singularities are taken into account. The examples of singularities detected with
our method and corresponding relationship between these singularities’ positions
are shown in Fig. 2. In the Figure, the large black square blocks denote the core
points detected with 16x16 block image and smoothing the orientation field, the
small black square blocks denote the delta points detected with 16x16 block image
and no smoothing the orientation field, the large white square blocks denote the
core points detected with 8x8 block image and smoothing the orientation field,
the largest white ellipses denote the delta points detected with 8x8 block image
and no smoothing the orientation field, the larger white ellipses denote the delta
points detected with 8 x8 block image and smoothing the orientation field, and the
small white ellipses denote the core points detected with 8x8 block image and no
smoothing the orientation field, where the central point of each plot corresponds
with the location of the singular point detected in different ways.

3. Arithmetic Describing

Our arithmetic includes the following steps: (1) Image segmentation, (2) singu-
larity detection based on multilevel partitions and different methods for direction
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estimation, and (3) locating singularity’s ultimate precise position based on the
corresponding relationship between the singularities detected above.

3.1. Fingerprint Image Segmentation

Image area is segmented for the sake of getting the valid fingerprint area. In
our method, the block-wise average grayscale and standard deviation are used
to segment the image. The block is considered as the foreground if its grayscale
mean and standard deviation satisfy some predefined standard, otherwise, the
background.

3.2. Singularity Detection Based on Multilevel Partitions and Different Methods
of Direction Estimation

3.2.1. Fingerprint Image Multilevel Partitions. The partition sizes are set with m
levels, the size of each level block is Wy x Wo, Wy x Wy, ..., W1 X W1, (W, =
Wox (i4+1),i=0,1,...,m — 1, where, Wy = 8, m = 2).

3.2.2. Multilevel Partitions Based Singularity Detection. 1. Fingerprint Image
Orientation Estimation. After each partition, a set of block images is gained. We
use the method presented by Jain, Hong and Bolle[13] to estimate the orientation
of each block image (u,v). But, here the orientation field is not processed with
smoothing. 2. Singularity Detection. For a certain block size, a set of singularities
is gotten by the Poincaré index. Assume that the sets of core and delta detected
by the different block sizes are {CP; ;} and {DP; ;} respectively, where let ¢ be the
partition level and j be the jth point. To be more concrete, singularity detection
includes the steps as follows:

Step 1. The Poincaré index of each block (u,v) is computed according to the
orientation field, and based on the value of Poincaré index of each block, the core
point and delta point are determined with the interested point within the template.
Because the smaller the size of template is, the easier it is for the singularities on
the image edge to be detected and the less the computation complexity is, the
template size for computing the Poincaré index of core is 2 x 2, and for delta is
3 x 3. The interested points are all adopted as the center point of the template. It
needs noting that only the delta points are detected in the second level of partition
(16 x 16).

Step 2. Once the centroid coordinate of the convergence area of the singular-
ities detected by Poincaré index in same block size is computed, hereby, C'P; and
DP;, the sets of the singularities which have the comparatively precise locations
will be gained, where ¢ denotes the partition level. The method for computing the
centroid coordinate is k-means arithmeticz[14].

Step 3. The orientation of each block is smoothed with 2 dimension low-pass
filter, and the size of filter is 5 x 5. Again, the value of Poincaré index of each block
is computed by the smoothed orientation field and the new core and delta points
are determined. The method is the same as before, but only the core points are
detected in the second level of partition (16 x 16). Lastly, new sets of singularities
CP}, DP} and C'P] are gained.
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3.3. Locating Singularity’s Ultimate Precise Position

In this section, the singularity’s ultimate location will be decided. Once the lo-
cation of the singularity detected by the smallest block size and no smoothing
orientation field is taken as the true location of the final singularity, and at the
same time the character of corresponding relationship between the positions of
singularities detected in our method in the same fingerprint image is considered,
the fake singularity will be eliminated and the true be gotten. The approaches and
rules of determining singularities are described as follows:

3.3.1. Locating Core Point.

1. Let each core point C'F; . (r denotes the rth core) detected by the block size
Wy x Wy and smoothing the orientation field be the norm core point, and
the cores of the set C'Py are searched out within a certain distance according
to the formula 3.1:

(CPyj-x—CPy . x)>+ (CPyj-y— CP .- y)* < Thresholdy (3.1)

If there is only one core C'Py ;, then the core C'P, ; is determined as the true
core point and is marked. And if there are cores C' P{ which meet the formula
3.2 condition, then the core C'Py ; is marked as the highest score and the core
CP{ i, which is the nearest to the norm core C'Fj . is marked.

(CP{;-x—CP},.-x)>+(CP{;-y— CP . -y)* < Threshold, (3.2)

Otherwise, the core CPy ; is marked as the second grade score.

2. If the conditions above are not met, then another judgment depends on
whether there is a set of the core C'Py ; in which the core C P, ; is very near to
the norm core C'Fy . within a certain distance of the threshold value, where
the distance threshold value is smaller. (1) If there is only one core CP, ; in
the set, then C'F, ; is determined as the true core point and is marked as the
highest score. (2) If there is no C'Py ; at all but there are some core points
CP; which meet with the formula 3.2, then the core C'Pf,,;, which is the
nearest to the norm core C’Péﬂﬂ is marked, and the core C' Py in that is the
nearest to the norm core C'Fy , and that is located between the core CP; ,,,,,
and the norm core C'Fy ,. is determined as the true core and is marked as the
second grade score. (3) In cases other than the above two, the next step is
performed.

3. First of all, It is important to tell whether there is a set of the core C'Py
that meet the condition that the form is the same as the formula 3.1, where
the Thresholdy in the formula 3.1 is changed to Thresholds(Thresholdy >
Thresholdy). If there is no set of the core C' P, that meet the condition above,
then step 6 is performed. If there is this set, then the core C' Py is marked as
TC Py, and whether there are the core C'P{ which meet the condition has to
be judged further according to formula 3.2. If it is valid, then the next step
is performed. Otherwise, step 6 is carried out.

4. The core CPy,,;, that is the nearest to the norm core C'F , is determined
and marked from within the core C'P{ which meet the formula 3.2. For every
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core TCPy j, if it is located between the core C'Py, ;. and the norm core
CPFy.,., then let TCPy ; be TCPF; , and again judge whether the distances
between TCP; ., CP;, and CPj .., are nearer and whether the core TCP;
is located between the core CP, ;, and the norm core CFy .. (1) If there
is only one core TCF; , which meets the condition, then it is the true core
point and marked as the highest score. (2) If there is more than one, then
the true core points are determined by the same method as in the condition
(2) of step 2. (3) Otherwise, step 6 is carried out.

5. In the precondition of step 4, if the core TCFy ,, CF;, and CP; ,,;, are
largely in line, then the linearity measure between T'C' P(is and the line formed
by CFg,. and CPy, ;, is computed according to the formulas 3.3 and 3.4,
the minimum is found.

LineLevel = (a/? + b — ¢*) /24’ (3.3)

Minry, = min{ Linelevely, LineLevely , LineLevely - - - } (3.4)

Where o', b’ and ¢’ denote the distance of TCP; , and CPy ,, the distance of
CPF;, and CPf ;. and the distance of TCFj ; and CPy ,,,,, respectively. (1)
If Min LL is smaller than a predefined threshold value, then the corresponding
core TCP(LS is regarded as the true core point and marked as the highest
score. (2) If the condition above is not met, then judge once again whether
there is a set of TC Py  that is within the predefined distance of the norm core
CPy .. If there is only one core TC'F;  which meet the condition, then it is
the true core point and marked as the highest score, or else, the core TCP
nearest to the norm core CPy,. is regarded as the true core and marked as
the second grade score. (3) Otherwise, step 6 is carried out.

6. In other cases, the norm core C'Fy ,. is regarded as the true core point. And if
there is a core C'Py ;. that is within the predefined distance of the norm core
and is the core nearest to the norm core, then the core CPy, ;, is marked
and the norm core C'Fy . is marked as the second grade score. Otherwise, as
the third grade score.

3.3.2. Locating Delta Point. Step 1. Let each delta point DFy ,. ( denotes the rth
core) detected by the block size Wy x Wy and smoothing the orientation field be
the norm delta point, and the delta set D P, are searched out within the predefined
distance of the norm delta point. If there is only one delta DF,; ;, then the delta
DP, ; is determined as the true delta point and is marked. And if there are some
deltas DP; which are within the predefined distance of the norm delta point, then
the delta DP, ; is marked as the highest score and the delta DP ,;, which is the
nearest to the norm delta DFy . is marked. Otherwise, the delta DP ; is marked
as the second grade score.

Step 2. If there is more than one delta like DF; ; which meets the conditions
above, then the delta DP i, that is nearest to the norm delta DPéﬂ, is marked
as the true delta. And if there are deltas like DP; which are within the predefined
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distance of the norm delta DPé’T, then the corresponding delta DPp i, is given
the highest score, otherwise, given the second grade score.

Step 3. If there are only the delta DP; and no delta DFPy j, which meet the
conditions above, then the norm delta DF; ,. is marked as the delta and given the
second grade score.

In all the steps above, the true deltas that have been detected are marked so
as to avoid being involved in other delta detections.

3.3.3. Core Point Checking. Several cores detected above may be fake. So the
detected cores ought to be checked according to the inherent structural charac-
teristic of the fingerprint model area. The principles include: 1. the core with the
highest score serves as the new norm and the core which is not reliable is checked;
2. If there are two or more than two cores detected, then they are checked by the
concavo-convex characteristics of the model area which is defined by two cores;
and 3. the distance between the two cores detected is smaller than that of the
corresponding two norm cores C'Pj and than that of the corresponding two cores
CP{ which are detected on the large block size (16 x 16), and the directions of the
vector radius of the curvature circle formed on the two true cores respectively are
opposite generally. Last, the checked cores are sorted by their scores and placed
in array of cores.

4. Experimental Results and Conclusions

A fingerprint singularity detection experiment based on the proposed algorithm is
carried out on 500 typical fingerprint samples of NJU fingerprint database which
contains 2500 images taken from 250 different fingers, 10 images per finger, and

. |

FiGURE 3. Examples of singularities detected Note: Results of
the proposed method are denoted with the center of white ellipses,
results of Poincaré index method based on are denoted with the
center of black blocks
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these fingerprint images are of varying quality in order to provide a realistic situa-
tion. In order to evaluate the performance of our algorithm, there is a comparison
between the method based on the Poincaré index direct computation and our pro-
posed method. In the method based on the Poincaré index direct computation,
to improve the reliability of singularity detection, we adopt the larger block size
(16 x 16) and smooth the orientation field. Fig. 3 shows some examples of singular-
ity detection for typical fingerprints based on the two methods above. According to
the experimental results, compared with the method of the Poincaré index direct
computation, our method of singularities detection is more reliable and precise.
For fingerprint images of poorer quality, our algorithm can still be used to get
accurate and reliable singularities.

In this paper, a robust singularity detection algorithm is presented, which
is based on the new idea of multilevel partition as well as the conformity of the
singularities detected by multilevel partition and by the different methods of the
orientation field estimation. Utilizing the characteristic of the corresponding rela-
tionship between the singularities detected by different approaches and measures
of checking singularities, our method can improve the precision and reliability of
singularity detection effectively and is robust to the low quality fingerprint images.

Although there are demerits in the singularity detection of images of quite low
quality, it can meet fingerprint classification and fingerprint matching because the
detected singularities are sorted by the reliability of singularity and some measures
are adopted to restrict the position error to a very small degree.
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Wavelet Receiver: A New Receiver Scheme
for Doubly-Selective Channels

Guangjian Shi and Silong Peng

Abstract. We present a new receiver scheme, termed as wavelet receiver, for
doubly-selective channels to combat the annoying Doppler effect. The key
point is to convert the Doppler effect to Doppler diversity, taking advantage
of the diversity technique to improve system performance. To this end, a new
framework based on multiresolution analysis (MRA) is established. In this
framework, we find that RAKE receiver which can only combat the multipath
fading, is a special case of wavelet receiver which can exploit joint multipath
and Doppler fading. Theoretical analysis and experimental simulation show
that wavelet receiver can greatly enhance system performance.

Mathematics Subject Classification (2000). Primary 42C40; Secondary 60G35.

Keywords. Doubly-selective channel, Doppler diversity, multiresolution anal-
ysis (MRA), wavelet receiver.

1. Introduction

Time selectivity and frequency selectivity characterize the fading channel and they
exhibit somewhat of similarity in terms of scattering function of channel [1]. In-
spired by the success of RAKE receiver in the scenario of frequency selective
channel, which resolves the received signal to multipath diversity, we seek for the
possible receiver scheme for doubly-selective channels.

The idea originated by Sayeed [2] may be the first attempt of converting
the Doppler effect to Doppler diversity. This idea has been extended to various
systems. Its application to OFDM system can be found in [3, 4] and to space-
time diversity can be found in [5]. But the method of Sayeed, which is referred as
time-frequency representation (TFR) method, suffers from a drawback: the basis
functions of TFR method are not orthogonal.

This work was supported by National Natural Science Foundation of China with No.60272042.
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In this paper, we follow Sayeed’s idea but exploit the Doppler diversity in
another way. It based on the fact that usually used shaping pulses are the scaling
functions of wavelet. For example, the square root raised cosine (SRRC) pulses
with excess bandwidth in [0,1/3] is the scaling function of Meyer wavelet [6], [7]
and the rectangle pulse is the scaling function of Harr wavelet. It stimulates us
to study the Doppler diversity in multiresolution analysis (MRA) framework. In
the MRA framework, we find that the RAKE receiver is a special case of wavelet
receiver. The superiority of wavelet receiver over RAKE receiver is in that wavelet
recetver can exploit orthogonality of wavelet space in addition to that of scaling
space. On the other hand, wavelet receiver can be implemented by a series of
parallel RAKE receivers, which will be detailed in section 4.

The paper is organized as follows. System model and preliminary knowledge
of MRA are introduced in the next section. In Section 3, the diversity concept is
reviewed and the sufficient and necessary conditions for the existence of Doppler
diversity are also established. Our proposed wavelet receiver is the focus of Section
4. In Section 5, Numerical experiments are provided. At last conclusion is drawn
in Section 6.

1.1. Notation

Let us introduce some notational conventions used in this paper. Z denotes the
integer field, Z~ the nonpositive integer set and L? = {z(t) : [~ |=(t)]*dt < oo}
square integrable space. Q(z) = 1/v2m [~ e~*"/2dz denotes the Q-function, T'(+)
denotes I'-function and ¢; ; is Kronecker delta function. card{-} is reserved for
cardinality of set, (-)* for orthogonal complement. We denote the inner product
as < -,- >, L? norm as || - ||, projection operator of space X as Px(-). E(-) is
expectation of random variable.

2. Preliminaries

2.1. System Model and RAKE Receiver

Consider a typical wireless system and channel is assumed to be doubly-selective.
The equivalent low pass model can be expressed as

r(t) = s(t) + z(¢), (2.1)

where
oo

s(t) = / h(t,t — 7)o (r)dr (2.2)

— 00
and z(t) is the additive white Gaussian noise (AWGN) with power spectrum den-
sity (PSD) 02 /2 per dimension, x(t) is pulse shaping function and h(t, ) denotes
the time-varying impulse response of the channel. h(t, 7) is assumed to be wide-
sense stationary with uncorrelated scatter (WSSUS) complex Gaussian stochastic
process. In a system equipped with bandwidth W, s(¢) can be expressed as [1]
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FIGURE 1. The structure of RAKE receiver

o0

s(t)= > ho(t)z(t —n/W).

n=—oo

If fading is slow, we can get the following signal model

s(t) = Z hnx(t —n/W).

n=—oo

465

(2.3)

(2.4)

In such case, there exists a kind of optimum receiver originated by Price and Green.
Its structure is shown in Fig.1, which is somewhat analogous to the ordinary garden
rake, so it’s often referred to as RAKE receiver [1].

2.2. Multiresolution Analysis(MRA)

This paper is established on the basis of multiresolution analysis, so in this sub-
section we will introduce some fundamental knowledge of MRA although it is
presented in the most compact form.

Theorem 2.1 (Mallat). [8, p.129] If a sequence of successive approzimation spaces
V; satisfies the following

1
2
3
4.
)
6

Lo VocVicVgC Vo C Vo Co--
. U Vi =L*R)
- N Vv;={0}

feV=f-—-n eV foralneZz
L feVie f(2) €Wy
. there exists ¢(x) so that {¢on :n € Z} is an orthonormal basis in Vj
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Then conclusions can be drawn that there exist wavelet ¥(x), whose translations
and scaled versions ;1 (x) = 27/2p(2 Iz — k) satisfy:

Let W; = span{y;r(x) k € Z}, then
Via =Vi@W; forjez
Ly = span{y,i(z) j, k € Z}.

In the next subsection, we will see that the scaling space Vj is just the space
spanned by the shaping pulses. For further reference convenience, we introduce a
corollary as below

0 0
Corollary 2.2. Lo =Vo+ @ W, and Vit = @ W;.

j=—o0 j=—o0

This corollary gives the exact structure of the orthogonal complement of Vj.
Now we arrive at the following signal representation

o0

0 [e%s)
s(t)= > andon(t)+ > D bixtk(t). (2.5)

n=—o00 j=—00 k=—o00

2.3. Nyquist Pulse and Wavelet

William [7] has noted that Square Root Raised Cosine (SRRC) pulse with excess
bandwidth in [0,1/3] is the scaling function of Meyer wavelet. In fact, scaling
function of any wavelet can be used as Nyquist pulse. Nyquist pulse z(t) satisfies

> X(f+4+m/T) =T, which is just the equivalent counterpart of theorem 2.1’s

condition 6 in frequency domain [1, p. 558] and [8, p. 132]. It implies scaling
function of any wavelet satisfies Nyquist pulse condition. On the other hand, the
generally used shaping pulse is exact scaling function of wavelet. For example, the
Square Root Raised Cosine (SRRC) pulse with excess bandwidth ranged at [0,1/3]
is the scaling function of Meyer wavelet function [6], [7] and the rectangle pulse is
that of Haar wavelet.

3. Multipath and Doppler Diversity

In this section, diversity concepts are reviewed from a new perspective and at the
same time the necessary and sufficient condition for the existence of the Doppler
diversity is presented.

Diversity with order L traditionally is viewed as independent transmission of
the same information L times with a specified but the same waveform

ri(t) = ajexp(—j6;)s(t) i=1--- L. (3.1)
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In fact, the same information can be transmitted by different waveforms as
long as the receivers have the knowledge about them. So we can extend the concept
of diversity to more general form

ri, (t) = i, exp(—jbi, )sk(t) ix =1, - Ly k=1,-- - K, (3.2)

with order

K
L= ZLk.
k=1

With such extension, we now can define multipath and Doppler diversity in
the doubly-selective channels.

Definition 3.1. Multipath diversity is defined as m(t) = Py, s(t), Doppler diversity
as d(t) = Pyas(t).

Definition 3.2 (Multipath Diversity Order (MDO)). According to the expression

o0

m(t): Z an(bO,n(x)p (33)

n=—oo

define MDO as the number: card{n : a, # 0, n € Z}.
Definition 3.3 (Doppler Diversity Order (DDO)). According to the expression

0 oo
dity=">_ > bixtix(e), (3.4)

j=—o0 k=—o0
define DDO as the number: card{(j, k) : bjx #0, j € Z~, k € Z}.

3.1. Existence Theorem for Doppler Diversity

Theorem 3.4 (Existence Theorem for Doppler Diversity). The Doppler Diversity
ezists if and only if card{(j,k) : bjx > 02, j € Z=, k € Z} is nonzero, where
bik = E(| <r(t),vjr(t) > [?)

Proof. The proof is presented in Appendix 7.1 O

4. Wavelet Receiver

Besides the multipath diversity, the Doppler diversity now is well structured. In
this section, we take advantage of this structure to maximize the joint multipath
and Doppler diversity. This comes to our proposed wavelet receiver.

The structure of wavelet receiver is shown in Fig. 2, which is composed of a
series of parallel RAKE receivers. Each RAKE receiver is characterized by three
parameters: the matched filter, the interval of translation and the order of the
diversity. Wawvelet receiver can be viewed as a kind of 2D-RAKE receiver.
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RAKE( g 7,2 )
RAKE( Wu:Tw‘E )

RAKE( &, T/ 2/, L2)

FIGURE 2. The structure of wavelet receiver

The decision variable for coherent detection of wavelet receiver with maximal
ratio combiner can be expressed as

D =

+

Re[/o r(t)s* (t)dt]

o0

0 0o T

Z Z bj K | r(t)y] (t)dt]
oo 0 oo
Re|2e Z |an|® + 2¢ Z Z [bj, 5l

n=—oo j=—00 k=—0c0

/0 z(t)s™ (t)dt], (4.1)

where £ denotes the energy of the shaping pulse. It is clear that the diversity of

o0
a system combines multipath diversity item E,,.; = 2¢ Y. |a,|?> and Doppler

n=—oo

0 o]
diversity item Egop = 2 Y. Y. |b;k|?. If the channel is slow fading, all b; ;.

j=—0o0 k=—o0

tend to be zeros, the wavelet receiver reduces to the RAKE receiver. The additional
performance gain Eg4,, enhances the signal-to-noise-ratio (SNR) from

to

SNR, = E’";”
g
SNRw _ Emul + Edop,

o2
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where SNR, and SNR,, denote the SNR of the RAKE receiver and wavelet
receiver respectively. We term this phenomenon as SNR enhancement effect of
wavelet receiver.

4.1. Independence Analysis

Independence is crucial to diversity technique. The statistical characteristics of
the noise components determine the optimal combining algorithm. If the maxi-
mum ratio combiner is used, the independence of noise components is expected.
In this subsection, we present noise independence analysis. The independence can
be obtained by the orthogonality of the basis function. For notation simplicity, we
stack the scaling function in Vj and wavelets in {W;, j € Z~} into the B; with
uniform index 7. The noise component projected to B; is obtained as

N; =< Z(t),Bi(t) >, (42)

SO

E(N;N;) = E/_OO /_OO z(t)z" (1) B} (t)B;(T)dtdr
2

= o /Oo B: () B;(t)dt

— 00

= 0'2(51:7]‘. (4'3)

4.2. Performance Analysis

In this subsection, the performance analysis of wavelet receiver is presented. For
performance comparison, we give the BER ! analysis of the BPSK modulated
signaling using the wavelet receiver and RAKE receiver, although the result for
other modulated signaling is also available. For wavelet receiver, the BER is

pw = Q(v/SNR,), (4.4)
br = Q( V SNRT) (45)

and

for the RAKE receiver.
In case of statistical fading channel, system performance P not only depends
on the SNR, but also the statistical distribution of the E,,,; and Eg4,p,. That is

P= /0 P(y)p(v)d, (4.6)
where

oo 0 oo
y=2 Y lanl/o®+2e > D |bkl*/0”. (4.7)

n=—00 j=—00 k=—o0

1The probability that a bit-error will occur in a given time is referred to as the bit-error rate
(BER).
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Following the derivation of the [1, p.846-847], we get the error probability P
in the Rayleigh fading channel can be approximated by

27 -1 1 .., 1 71
P~ — )" (— , 4.8

( T >(4’h) (472) (48)
where T', L denote the total and multipath diversity order respectively and v; =
g/o?E(ay), y2 = €/0?E(b; ) are average SNR per channel for multipath and
Doppler diversity gain. And the corresponding performance P, of RAKE receiver

} ra () (1.9

4.3. Channel Estimation

The wavelet receiver challenges new channel estimation algorithms. In coherent
detection, not only the multipath diversity gains, but also the Doppler diversity
gains are needed to be estimated. It obviously complicates the channel estimation
algorithm. The variable to be estimated, in fact, is exponentially grown as the scale
parameter limits to infinity (j — oo). Let the multipath diversity order (MDO) be
L, the number of variables to be estimated for Doppler diversity gainis (2771 —1)L
if the maximal scale is 27.

To avoid the channel gain estimation for the Doppler diversity branches, we
can use the noncoherent detection for Doppler diversity. This come to our wavelet
recetver Form 2, we termed it as half coherent wavelet receiver. To distinguish
with each other, we termed above wavelet receiver as wavelet receiver Form 1 or
coherent wavelet receiver. In this paper, half coherent wavelet receiver is realized
simply by square-law combiner for all Doppler diversity branches. Of course if
more prior knowledge is available, weighted square-law combiner can be applied
to optimize the performance.

5. Experiments

In experiments, the time variation of channel is model as Jake’s model. The
Doppler power spectrum of mobile radio channel is

C(AL) = 1/2E[(hn(t)h (t + AY))] = Jo(27 fm Al),

where Jy(t) is the zero-order Bessel function of the first kind and f,,, is the max-
imum Doppler frequency [1, p.809]. The maximal value of At is T. We usually
use the normalized maximum Doppler spread f,,T as the parameter of the Jake’s
model

C(t) = Jo(2m fm Tt), (5.1)
where ¢ ranges [0,1]. In this paper, Jake’s model is simulated by IFFT method

[9]. The shaping pulse is SRRC with excess bandwidth 1/3 and the maximal scale
parameter J is set to 5.
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F1GURE 3. Plot of the standard deviation of Doppler diversity
gains over normalized maximum Doppler spread f,,T.

5.1. Simulation Result 1

The variance of Doppler diversity gain b; ; depends on the normalized maximum
Doppler spread f,,T. In this experiment, we will present the numerical result. The
result is tabulated in Table 1, where S(a),S(b) denotes standard deviation of gain
in multipath diversity branch and Doppler diversity branch respectively, and m(b)
is the mean of Doppler diversity gain. The normalized maximum Doppler spread is
set as 0.001, 0.005, 0.01, 0.02,0.04,0.05,0.06,0.08,0.1,0.2,0.3 and 0.4 respectively.
At any specified value, 1000 Monte Carlo simulation is run. Fig. 3 illustrates the
standard deviation of the Doppler diversity gain increases monotonously with f,, 7T,
which verifies the intuition that more Doppler diversity is obtained when the chan-
nel statistics varies faster. Although the value in Table 1 is obtained at € = 8, the
ratio between the S(a) and S(b) has no dependence on .

5.2. Simulation Result 2

Fig. 4 shows the performances of RAKE receiver and corresponding wavelet re-
cetver in different normalized maximum Doppler spread f,,,T. Coherent detection
with maximum ratio combiner is assumed. In the Fig. 4, SNR per bit is evaluated
as €/0?FE(a,), which is identical to the case of RAKE receiver. Wavelet receiver
has significant performance improvement compared with RAKE receiver. These
improvement is obviously contributed to the SNR enhancement effect of wavelet
receiver. The performance of half coherent wavelet receiver with square-law com-
biner for Doppler diversity gains is also presented in Fig. 5. We can see if lower
BER is desired, half coherent wavelet receiver is also a better choice.
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FI1GURE 4. Performance comparison between RAKE receiver and
coherent wavelet receiver with different normalized maximum
Doppler spread f,,,T.
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FIGURE 5. Performance comparison between RAKE receiver and
half coherent wavelet receiver with different normalized maximum
Doppler spread f,,,7T.

6. Conclusion

We have proposed a novel framework to exploit the Doppler diversity, which pro-
vides a new way to investigate mobile communication systems with fast fading
channel. Based on the well-established wavelet theory, we have derived the struc-
ture of Doppler diversity. Two forms of wavelet receiver are established. It shows
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that the time variations can be totally captured by wavelet receiver. And the
quantitive relations between Doppler diversity and normalized maximum Doppler
spread furthers the understanding of the fast fading communications systems.

Multiresolution analysis framework unites the signal processing of the fast
and slow fading channel. In this united framework, we can exploit the achievements
of the slow fading channel to benefit the fast fading channel processing. This
promises great application scenarios of the wavelet receiver, such as its application
to CDMA or OFDM systems etc., which will be our future work.

7. Appendices

7.1. Proof of the Theorem 3.4
Proof. According to (2.5)

Bj o= < T(Uﬂb]}k >=< S(t)7wj,k >+ < Z(t)7wj7k >
= bik +bIE
we can get
E(|Bjxl?) = E(|bjx + b}5°°|%) = b3 ), + 0, (7.1)
due to the fact that z(t) is AWGN with PSD o2. Now using the conclusion of
Definition 3.3, we arrive at conclusion of this theorem. O

7.2. The Derivation of the SNR of the Wavelet Receiver

The output of maximum ratio combiner of wavelet receiver can be expressed as a
decision variable formed in (4.1)

D =FEpnu+ Egop + /T z(t)s™ (t)dt. (7.2)
The noise power is . i

B( [ =05 Od) = [0 (7.3
and ||s(t)||? = Emul + Eaop, so the SNR of the wavelet receiver is

(Emul + E‘dop)2 Emul + Edop
SNR, = = 7.4
(Emul + Edop) * 02 o2 (7-4)
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Face Retrieval with Relevance Feedback
Using Lifting Wavelets Features

Chon Fong Wong, Jianke Zhu, Mang I Vali,
Peng Un Mak and Weikou Ye

Abstract. By using support vector machine (SVM), this paper presents a
novel face retrieval scheme in face database based on lifting wavelets fea-
tures. The relevance feedback mechanism is also performed. The scheme can
be described in three stages as follows. First, lifting wavelets decomposition
technique is employed because it not only can extract the optimal intrinsic
features for representing a face image, but also can accelerate the speed of the
wavelets transform. Second, Linear Discriminant Analysis (LDA) is adopted
to reduce the feature dimensionality and enhance the class discriminability.
Third, relevance feedback using SVM is applied to learn on user’s feedback to
refine the retrieval performance. The experimental evaluation has been con-
ducted on ORL dataset in which the results show that our proposed approach
is effective and promising.

Keywords. face retrieval, face recognition, Content-based image retrieval
(CBIR), Lifting Wavelets Transform (LFWT), Principal Component Anal-
ysis (PCA), Linear Discriminant Analysis (LDA), Support Vector Machine
(SVM), relevance feedback.

1. Introduction

Face retrieval can be considered as a problem of similar face searching in the feature
space by integrating content-based image retrieval (CBIR) [1] and face recognition
[2] techniques. Among many approaches for facial representations, wavelets decom-
position technique [3, 4] is a powerful method that is used to extract the intrinsic
features for face recognition and image retrieval. However, due to the semantic gap
existing between low-level features and high-level concepts [5], it is often difficult
to achieve satisfactory retrieval performance by using rigid similarity measure on
low-level features in a larger face database. One of the feasible ways to bridge the

gap is to utilize relevance feedback to refine the retrieval results [5].
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In this paper, we study the problem of face retrieval with SVM-based rele-
vance feedback. We propose to use lifting wavelets features extraction algorithm
because it can find the optimal bases for the representation of a face image [13].
Moreover, lifting scheme provides wavelets transform to be performed in spatial
space and maps integers to integers, which accelerates the speed of the wavelets
transform [6]. As the dimension of the feature vectors extracted by LEWT is still
high, this is not proper for the retrieval task. To tackle this problem, Linear Dis-
criminant Analysis (LDA) [8] is utilized to further reduce the feature dimesionality
and enhance the class discriminability. Because LDA directly applied to feature
vectors may cause the singularity problem at the within-class scatter matrix, Prin-
cipal Component Analysis (PCA) [7] is commonly pre-performed for dimension
reduction [8]. While the discriminant and lower-dimensional feature vectors are
extracted, the remaining key element of face retrieval is to design a robust clas-
sifier. Previously, the face classifier based on the nearest feature line (NFL) [10]
and nearest feature space (NFS) was exploited [3]. However, in the case of small
training samples in databases, the ability of these classifiers for making confident
decisions under different class boundaries is still needed to be explored. It is well-
known that SVM [9] classifier has a good generalization performance in tacking
small sample size in pattern recognition. When incorporated with relevance feed-
back, SVM classifier can be learned from training data of relevance face images
and irrelevance face images marked by the users. Then the model can be used to
find more relevance face images in the whole database [11, 12].

The rest of the paper is organized as follows. In Section 2, detailed description
of lifting wavelets transform is presented. Subspace analysis methods, such as
PCA and LDA, will be studied in Section 3. Section 4 briefly introduces relevance
feedback technique. SVM classification method is reviewed in Section 5. Section 6
discusses the experimental results. Conclusions are drawn in Section 7.

2. Lifting Wavelets Transform

Any discrete wavelets transform (DWT) or two subband filtering with finite fil-
ters can be decomposed into a finite sequence of simple filtering steps, which are
called the lifting steps. This decomposition corresponding to a factorization of
the polyphase matrix of wavelet or subband filters into elementary matrices is
described as follows.

The polyphase representation of a discrete-time filter h(z) is defined as

h(z) = he(2%) 4+ 27 ho(2?) (2.1)

where h. denotes the even coefficients, and h, denotes the odd coefficients:

he(z) = Zhgkz_k, and ho(z) = Z hogsr2” " (2.2)
k k
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The synthesis filters h(z) and g(z) (low-pass and high-pass filters respectively) can

thus be represented by their polyphase matrix P(z) = [ Ze 22 gegz; ] and P(2)

can be also defined for the analysis filters analogously. The filters h.(z),ho(2),9¢(2)
and g,(2), along with their analysis counterparts, are Laurent polynomials. As the
set of all Laurent polynomials exhibits a commutative ring structure, within which
polynomial division with remainder is possible, long division between Laurent
polynomials is not a unique operation [6].

The Euclidean algorithm [6] can be used to decompose P(z)and P(z)as

Pe) =11 [ 0 1 ] [ w1 ] [ 0 VK ] (2:3)

i=1

- ! 071 —ti(z" 1/K 0
=i e 200 ][0 4] e
As this factorization is not unique, several pairs of {s;(z)} and {¢;(z)} filters are
admissible; however, in case of DWT implementation, all possible choices are equiv-
alent.

Due to the computational complexity, it has been shown in [6] that using the
lifting scheme instead of the standard filter bank algorithm, can asymptotically
lead to a relative speed-up to 64% for Daubechies 9/7 filter which is implemented
by the scheme shown in Figure 1.

+

@07 —O— T
B0 :
LP LP

FIGURE 1. Block diagram of the forward wavelet trans-
form using lifting scheme: the implementation of Daubechies
9/7 filter a=-1.586134342; $=-0.05298011854; v=0.8829110762;
0=0.4435068522; K=1.149604398)

The best selection of wavelet filter and transform basis has been proposed
for face recognition [13]. Similar to [13], we always select the low frequency subim-
age for further decomposition as it is less sensitive to vary images. The two-level
wavelet lowest frequency subimage is used for PCA training in this paper. For
example, an original image resolution of 128x128, size of the sub-image is reduced
by 16 times. Figure 2 shows that a two-level decomposition using Daubechies 9/7
filter, the length of feature vector is 128 x 128/22*2 = 1024.
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FIGURE 2. An original image with resolution 128 x 128, and the
two-level wavelet decomposition

3. Subspace Analysis

3.1. Principle Component Analysis (PCA)

The Principle Component Analysis (PCA) is a popular and powerful tool to reduce
the dimensionality of the given data under unsupervised settings [7]. Consider a
set of L feature vectors {g1, G2, - -, Gr} taking values in an n dimensional feature
space. Xz € R™" is defined as the covariance matrix of the feature vector g :
Sy ={[G—2(9)][g—(d)]* }, where € is the expectation operator. Then PCA of a
random vector § factorizes its covariance matrix 3 into the following form:

S5 = ®A® with & = (@1, Fa, -+ , Gnl (3.1)

A= diag{)‘].))\Q)"' 7)\71} (32)

where ® € R™" is an orthogonal eigenvector matrix and A € R™™" is a diagonal
eigenvalues matrix with diagonal elements in decreasing order (A > Ao > -+ \,).
The projection can be obtained via i = 'L, [§ — €(g)], where eigenvectors Tpeq =
[P1, P2, , Ppl, p < nand T € R™P. The lower dimensional vector captures the

most expressive features of the original data.

3.2. Linear Discriminant Analysis (LDA)

Different from the unsupervised learning of PCA, LDA seeks to find a linear trans-
formation that maximizes the between-class scatter and minimizes the within-class
scatter on the given data and class labels. Empirically, LDA has shown better per-
formance than PCA for dimension reduction [14].

LDA training is carried out via scatter matrix analysis. Assume each face
image belongs to c-class, the within-and between-class scatter matrices ¥, €
RP*P 3, € RP*P are computed as follows:

Yo = Zl Pr(wi)e{(§ — ) (§ — mi) T |w = w;} (3.3)
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Eb = Z PT(wi)(Tﬁi - T?L())(T?LZ - T?L())T (34)
i=1

where P,.(w;) is the priori class probability and usually is replaced by 1/¢, and
m,; is mean vector, myg overall mean vector. Various measures are available for
quantifying the discriminatory power. One commonly used is:

AX, AT
AY AT
where A is an m X n matrix with (m < n). The advantage of using this ratio is that
it has been proven that if ¥, is a non-singular matrix then this ratio is maximized
when ¥, A* = ¥, A*A 4 and A* is the eigenvector matrix of £ 13, A 4 is a diagonal
matrix. There are at most ¢ — 1 nonzero generalized eigenvectors. Let T4 denote
the reduction matrix of A*, the reduced feature vectors for classification can then
be derived as 4 = Tledgj.

J(A) = arg max (3.5)

4. Relevance Feedback

Relevance feedback [5] is a technique that takes advantage of human-computer
interaction to refine high level queries represented by low level features. It is used
to incorporate user’s concept with the learning process [15, 16] for CBIR.

In our face retrieval system, after a user submits a query by a given sample,
the system will return a set of similar images to the user. The returned images may
be relevant (positive) or irrelevant (negative) to the user’s target. Thus, relevance
feedback is engaged as a query refinement technique for helping the retrieval task.
The relevance feedback mechanism solicits the user to mark the relevance on the
retrieved images and then refines the results by learning the feedbacks by the user.

In order to learn the user’s feedback effectively, we employ a popular yet
powerful machine learning technique, i.e., Support Vector Machine, to attack the
problem. SVM is a state-of-the-art classification technique with excellent general-
ization performance. It has been shown with successful applications in relevance
feedback [11, 17, 18].

5. Support Vector Machine

Support Vector Machine (SVM) [9] is a popular technique for classification. The
basic idea of SVM is to look for the optimal separating hyperplane (OSH) which
best separates the data points into two classes with a maximum margin in a
projected feature space based on the Structure Risk Minimization principle.
Consider the problem of separating the set of training vectors into two sepa-
rated classes, (1,%1),...(Zn, yn), where Z; € R%y; € {—1,+1} with a hyperplane
W&+ b= 0. The set of vectors is said to be optimally separated by the hyper-
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plane if it is separated without error and the margin is maximal. For all Z;, if the
following constraints are satisfied,

yz(u?:E’Z+b)21, i=1,---,N (51)
the distance from the closest point to the hyperplane is 1/ ||«||. Hence, the hyper-

plane that optimally separates the data is the one that minimizes the objective
function:

o) = ] = (a5 0) (5.2)

The solution to the optimization problem of (5.2) under the constraints of
(5.1) is given by the saddle point of the Lagrange functional:

N
L(#,b,a) = % 1512 =S o {us [( - 52) + 8] — 1} (5.3)
i=1

where «; are the Lagrange multipliers. The parameters can be found by solving
the following quadratic programming problem:

N | NN
max L () = Z %=, Z 0O Y Y, T - T (5.4)
i—1 =1 j=1
subject to:
N
Z ay; =0and a; >0 (5.5)
i=1

The solution to @ can be expressed @ = ), a;y;%; in terms of a subset of
training patterns, called support vectors, which lie on the margin. The decision
function can thus be written as

f(@) = szgn(z YT - T+ D) (5.6)
So far the discussion has been restricted to the case where the training data
is linearly separable. To generalize the OSH to the non-separable case, SVM in-

troduces slack variables and a penalty factor such that the objective function can
be modified as

1 N
(i) = 5 (@) + C(Y_&) (5.7)
i=1

The input data can also be mapped through some nonlinear mapping into
a high-dimensional feature space in which the OSH is constructed. Thus the dot
production can be represented by k(Z;, £) when the kernel k satisfy Mercer’s con-
dition [19]. Table 1 shows three typical kernel functions [20]. Finally, we obtain
the decision function
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TABLE 1. Types of kernel functions

Kernel function k(Z,7),i=1,2,---N
Polynomial (’yffﬂ'c’ + T)d , 7> 0
Radial basis function (RBF) | exp (—'y |2 — sz) , v >0
Sigmoid tanh (’yffﬂ'c’ + 1")

v, d and r are kernel parameters.

1(@) = sign(( aw: - b(@: - 7) +b) (5.8)

Because SVM enjoys solid theoretical foundations from the perspective of
statistical learning theory, it has shown many advantages when applied to problems
with limited training samples. Consequently, it can achieve excellent empirical
performance when applied to real-world problems.

6. Experimental Result

6.1. Experimental Setup

To evaluate the performance of our face retrieval system, we perform experiment
using face dataset from ORL [21]. The ORL dataset consists of 400 frontal face
images corresponding to 40 subjects, each subject with 10 different images. The
size of each image is 92x112 pixels, with 256 grey levels per pixel, as shown in
Figure 3.

Fi1GURE 3. Example of face images used for retrieval
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6.2. Implementation Details

In our experiments, we use 20 classes each with 5 images as the training set, all
images are decomposed by LFWT, the lowest subband forms facial feature vectors
(Dimension=644). Afterwards, we process these facial feature vectors with PCA
and LDA to further reduce the dimension to 19 for retrieval task. To present face
retrieval approach, the metric of evaluation is taking average retrieval accuracy
which is defined as the average ratio of the number of relevant face images in top
N returns over the total number of relevant face images in the face dataset.

In the retrieval process, each face image is assumed as user’s query. The
system will measure it with all the remaining face images in the dataset, the
returned face images are ranked by their distances from the boundary of SVM
classifier. If the result is non-satisfactory, user is suggested to mark the returned
images as relevant face images (+1) or irrelevant face images (-1) in top N, then
perform further rounds of feedback. SVM uses both relevant (+1) and irrelevant
(-1) face images as the training data to construct a more informative classifier,
thus to predict more relevant face images from the dataset.

To implement the relevance feedback algorithm with SVM, we modify the
codes of public libsum library [22].

6.3. Average Retrieval Accuracy

The whole process is repeated for 400 times to generate the average retrieval
accuracy. The Euclidean distance method is viewed as the baseline in this experi-
ment. From Figure 4, it can be seen that our proposed LFWT+LDA+SVM (kernel
is Radial basis function) method outperforms LFWT+LDA+Euclidean distance
method. Moreover, with only one round feedback, the accuracy can reach to 99.6%.

0.96 -

Average Retrieval Accuracy

LFWT+LDA+Euclidean Distance
—=— LFWT+LDA+SVM
LFWT+LDA+SVM(1 round feedback) —

0.92 L

10 20

15
Number of Top Ranks

FIGURE 4. Retrieval performance of different methods on ORL dataset

In order to demonstrate our proposed scheme is effective and robust, we
make a comparison with recent face recognition methods which use ORL dataset
for performance evaluation, as shown in Table 2.
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TABLE 2. Performance of different methods on ORL dataset

Methods Eigenvectors Recognition Rate
LFWT+LDA+NN 19 92.7%
PCA+NFL [10] 40 96.9%
LFWT+LDA+NFS [3] | 60 96.1%
LFWT+LDA+SVM 19 98.2%

We observe that our proposed method has a lower-dimensional feature vectors
and better recognition rate. In fact, average retrieval accuracy in top 10 on ORL
dataset can be viewed as recognition rate. Furthermore, with relevance feedback
involved, the system can achieve 100% accuracy. Therefore, we can summarize
that our proposed scheme is promising for the challenging face retrieval task in a
larger face database. Our experiment is implemented in a personal computer with
Pentium 4 1.6GHz CPU with 256 MB RAM.

7. Conclusions

This paper proposed a novel scheme for face retrieval using the lifting wavelets fea-
tures and presented an effective relevance feedback algorithm using support vector
machine for improving the retrieval performance. The LEWT is used to extract
facial features because it increases the discriminability meanwhile decreases the
dimensionality of the features. Moreover, it is faster than other wavelets transform
approaches as it computes the wavelets transform in real domain and others in
complex domain. In our experiment, we observed that the dimension of the fea-
ture vectors and the numbers of training samples used for SVM learning are two
important factors to impact the overall performance of our face retrieval system.
Further, we noted that the retrieval accuracy can be significantly improved through
learning user’s interaction with relevance feedback. This makes our scheme more
effective for the applications with larger face databases. Experimental results have
shown that our proposed scheme enjoys advantages in speed and retrieval perfor-
mance, which makes it promising for practical face retrieval applications.
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High-Resolution Image Reconstruction
Using Wavelet Lifting Scheme

Shengwei Pei, Haiyan Feng and Minghui Du

Abstract. High-resolution image reconstruction refers to reconstruction of
high-resolution images from multiple low-resolution, shifted, blurred samples
of a true image. By expressing the true image as a square integrable function,
Point Spread Function (PSF) can be used to construct biorthogonal wavelet
filters directly and some algorithms for high-resolution image reconstruction
were proposed based on the filters. However, the filters are the piecewise lin-
ear spline and corresponding primal and dual wavelet functions are all one
vanishing moments. In order to improve the quality of reconstructed high-
resolution images, we propose a method in this paper which can increase
the numbers of vanishing moments of the wavelet functions so as to improve
the performance of the biorthogonal filters using wavelet lifting scheme. Ex-
periment results show that the method can improve the quality of recon-
structed high-resolution images effectively. Also, we derive a fast algorithm
that can reconstruct high-resolution images efficiently when blurring matrix is
block-circulant-circulant-block (BCCB) matrix or Toeplitze-plus-Hankel sys-
tem with Toeplitze-plus-Hankel block (THTH) matrix.

Mathematics Subject Classification (2000). Primary 65T60; Secondary 68U10.

Keywords. high-resolution reconstruction, super-resolution reconstruction,
wavelet, lifting scheme, image processing.

1. Introduction

In some special scenes, for example, satellite imaging and some military infrared
imaging, high-resolution digital images are necessary. Due to the limitations of
digital camera, such as integrated circuit technology, cost, etc., usually desired
high-resolution images are not available. In order to increase the resolution of

This research is supported by Ministry of Education, Government of Guangdong Province (Re-
search Grant No.8303069).
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images, the information from low-resolution images is collected and used to recon-
struct the desired high-resolution images. This process is called high-resolution
image reconstruction. Recently, high-resolution and super-resolution image re-
construction have been one of the most active research fields. Several methods
for high-resolution image or super-resolution image reconstruction were proposed
[1, 2,3, 4,5, 6]. Tsai and Huang [1] gave an approach with Fourier Transform to re-
construct super-resolution images. Nguyen and Milanfar [2] proposed an efficient
method that considered sampling lattice and employed wavelet interpolation to
reconstruct high-resolution images. A regularized method based on multi-channel
sampling was proposed by Hong [3]. ML (Maximum Likelihood) method was pro-
posed by Tom in [4]. At present, the MAP (Maximum a-Posteriori) method [5, 6]
is researched widely and has good performance in the quality of reconstructed
images, but the method is very complicated. Projection Onto Convex Set (POCS)
method was proposed by H. Stark in [7], which described an iterative approach to
incorporate prior knowledge into the reconstruction process.

Here we follow the research work in Bose and Boo [8] and Chan [9] and
consider reconstructing high-resolution images from the low-resolution images of
the same scene by wavelet lifting scheme. By expressing a true image as a square
integrable function [9], Point Spread Function (PSF) can be used to construct
biorthogonal filters directly. Some algorithms for high-resolution image reconstruc-
tion [9, 10] were proposed based on the filters. However, the filters are the piecewise
linear spline and the corresponding primal and dual wavelet functions are all one
vanishing moments [11, 15]. The quality of reconstructed images is related tightly
with the numbers of vanishing moment of wavelet functions. Thus, in order to get
better quality of reconstructed images, wavelet lifting scheme can be employed to
increase the numbers of vanishing moment of wavelet functions so as to improve
the performance of the biorthogonal wavelet filters. In this paper, we analyze
the high-resolution reconstruction approach from the wavelet and multiresolution
point of view [9], then, based on wavelet lifting scheme, we propose a method for
high-resolution image reconstruction. Also, a fast algorithm for solving Lf = g is
derived when L is BCCB or THTH matrix.

This paper is arranged as follows: In section 2, a mathematical model of
high-resolution image reconstruction is given. In section 3, we give the algorithm
proposed by Chan [9] and then derive our algorithm based on the wavelet lifting
scheme. Numerical experiment results are given in section 4 to illustrate the ef-
fectiveness of the method. The conclusion about the algorithm will be shown in
section 5.

2. Mathematical Model

Here we give a brief introduction to the mathematical model of the high-resolution
image reconstruction problem. Details about the model can be found in [8]. Sup-
pose that the imaging sensor array has N; x N, pixels. Let the actual length
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and width of each pixel be T7 and T3 respectively. These sensors are called low-
resolution sensors. Our aim is to construct a high-resolution image of the same
scene by using an array of K; x K low-resolution sensors. More precisely, we want
to reconstruct an image with My x M» pixels, where M7 = K1 N7 and My = Ko Ns.
So, the length and width of each of these high-resolution pixels will be T /K; and
T>/ K, respectively. Here, Let K1 = Ky = K and f(x1,x2) be the intensity of the
scene at any point. By reconstructing the high-resolution image, we mean to find
or approximate the values:

K2 (i+1)T1 /K p(i+1)T2/K
T T / / f(xl,xg)dxldxg; OSlSMl,OS‘]SMQ
142 J5iT /K iT2/K

In order to get enough information to resolve the high-resolution image, there
must be subpixel displacements between the sensors in the sensor arrays. Ideally,
for sensor (k1,k2),0 < ki, ko < K, its horizontal and vertical displacements A, ks
and d%hkz with respect to the point (0, 0) are given by:

1-K T1 1-K T2
iy, = (k1 + =) 35 iy, = (k2 + > Kk

For this low-resolution sensor, the average intensity registered at its (n1, ng)th
pixel is modeled by:

1 /‘Tl("1+1)+d£1,k2 /T2("2+1)+dz1,k2

Ty f(z1,20)dz1dzs +

Gk ks [N1, 2] =
T1n1+d%1,k2 T2n2+dz1,k2

NMky ko [21, 2] (2.1)

According to (2.1), if we intersperse all the low-resolution images gk, , to
form an M; x Ms image g by assigning:

g[Kny + ki, Kno + ka| = gk, k,[101, N2).

then g is the approximate of the f. Here, g can be called observed high-resolution
image. In order to get an image that is better than the observed high-resolution
image, we have to get f.

In (2.1), we can see that go [0, 0] involves the points outside the region of im-
age we have known, so the system is underdetermined. To compensate for this, one
imposes the boundary conditions on f for x; outside the domain. Usually, periodic
boundary condition is a common one, but the symmetric boundary condition and
zero boundary condition can also be imposed. The symmetric boundary condition
is a new one and has good performance in boundary artifacts. In the following
text, we will give algorithms for periodic and symmetric boundary conditions re-
spectively.

Using any above boundary condition and ordering the discretized values of
f and ¢ in a row-by-row fashion, we obtain an M; M> x MM, linear system as:

Lf=g. (2.2)
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where L is the convolution operator (blurring matrix), g is a vector formed from
the low-resolution images and f is the desired high-resolution image.
According to the separable property of Point Spread function (PSF), we can
get the following equation:
L=L"®LY. (2.3)

where ® is the Kronecker tensor product. For periodic and symmetric boundary
conditions, the system (2.2) is ill-conditioned and susceptible to noise.

3. Reconstruction

3.1. The Basic Principle

For (2.1), we can consider the process as a lowpass filter imposed on image f. So
LB, LY L3, L can also be considered as lowpass filters. L%, LY, L§ and Lj denote
the L in (2.2) under the condition of periodic and symmetric boundary conditions
for 2 x 2 sensor arrays and 4 X 4 sensor arrays respectively. Here, we recall the
scaling function f(z1,x2) € La(R?) in wavelet transform:

p=4 Z a(a)p(2 - —a).

ac”Z

where sequence a(a) is a refinable mask (also known as a scaling coefficient or a
lowpass filter).

According to the blurring matrix L given in (2.3), we can obtain the re-
finable mask for 2 x 2 sensor arrays from PSF directly [9]. It is listed as fol-
lows: mo(a) = 1/4,1/2,1/4;a0 = —1,0,1. For 4 x 4 sensor arrays, the refinable
mask is the stable refinable function ¢ with dilation 4. It is listed as follows:
ma(a) =1/8,1/4,1/4,1/4,1/8;a = —2,---,2. We can see that the masks (filters)
are all piecewise linear splines and Deslauriers-Dubuc filters [11] and their corre-
sponding scaling functions are Deslauriers-Dubuc interpolating scaling functions
[15, 16].

The refinable masks, wavelet masks and their duals can be found in [8].
The tensor product dual pairs of the refinement symbols are given by d(w) =
m(wy)m(ws) and a(w) = m?(w;)m?(ws). The corresponding wavelet symbols b,
and b? can also be gotten (See [9]).

Let f € S'(¢%), then:

fo= (12002 —a))2¢*(2 - —a)

a€eZz?

2 ) ()¢t (2 —a). (3.1)

a€ez?

where v(a), @ € Z? are the pixel values of the high-resolution image we are seeking,
and they form the discrete representation of f under the basis 2¢%(2- —a), a € Z2.
Then (a * v)(«) is the observed high-resolution image. According to biorthogonal
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wavelet theory, we know that refinement masks and wavelet masks satisfy the
following equation [9, 12]:
ala+ > b, =1
veZ2\{(0,0)}

So, according to the above equation, an iterative algorithm for high-resolution
image reconstruction is obtained as follows:

by =aad+(1-p)( Y bbb (3.2)
veZ3\{(0,0)}
where factor (1 — 3) is used to denoise in each iterative cycle. The equation (3.2)
can be written as follows using matrices:

(LYL+ /(1= BI)f =1/(1 - B)Lg. (3:3)

where L, L% are the matrices generated by @, a? respectively.

3.2. Wavelet Lifting

According to the descriptions above, we can get analysis and synthesis filters
m,m? r and r? directly from PSF [9]. After simple computation, we know that
the vanishing moment of the wavelet functions corresponding to the filters are all
ones. Since the quality of recovered images is related tightly with the numbers of
vanishing moment, larger numbers of vanishing moment of the wavelet functions
are desirable [13]. Lifting is an elementary modification of perfect reconstruction
filters, which is used to improve the wavelet properties such as vanishing moment.
In order to improve the quality of reconstructed images, we can use lifting scheme
to increase the numbers of vanishing moments of wavelet functions corresponding
to r, 7% Here, we use primal lifting and dual lifting to modify m,r, m® and r? in
turn. For 2 x 2 sensor arrays, according to the lifting theory [14], we have:

= r(w) + W)l (A2w);
= (W) — m(w)l(2w); (3.4)

! (w
~dl

<
<8

= m(w) — 4 (w)lg(2w);

= (w) + m(w)i(2w); (3.5)
where ! (w), 7% (w), m¥(w) and #(w) are the Fourier transforms of lifted m, 79,
m?, r respectively; m?(w), 74(w), 7#(w), m(w) are the Fourier transforms of m?, r9,
r, m respectively; {;(w), l4(w) are Fourier transforms of two FIR filters correspond-

)
)
)
)

ing to primal lifting and dual lifting respectively, and iz“ (w), i; (w) are their complex
conjugates. Here we want to create two vanishing moments wavelet functions corre-
sponding to % and r. After computation, the shortest filters ; and l4 have Fourier
transforms:

I(2w) = éeiw(cos(w) -1). (3.6)

l4(2w) = —geiw(cos(w) —1). (3.7
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Inserting (3.6) and (3.7) into (3.4) and (3.5) respectively, gives:

1 235 23 1

l

a)=—,0,— 2 22 0,—; a=-3,-2---,3.
m2(2) = 1550 15g° 30 128" 128 =23

5 1 3 1 5

Ty A  ear A A Oé:—2,—1,"' 72'
64 16 32 16" 64

mj' () =

For 4 x 4 sensor arrays, the PSF can be considered as a refinable function
with dilation 4. For filters my, m}, their lifted filters m}, m% are all symmetric and

can be written as follows [16, 17, 18]:

ml(a)——l—l v 4r 389 377 389 47 7 1 1
4 ~ 30727 3072 30727 384 1536’ 1536 1536 384 3072° 3072° 3072’

piflay— L 29 15 165 61 165 15 29 1
4 5127 5127128’ 51272567 5127 128" 5127 512

Now, we obtain the lifted filters.

3.3. Reconstruction Computation

We assume that the PSF is symmetric and the size of high-resolution images
is M x M. For L and L% in (3.3), L = L* ® LY,L¢ = L%* @ L%Y. For 2 x
2 sensor arrays with periodic boundary condition, L*, LY, L»* and L%Y can be
expressed as L5, LHY, Lg’d“, L’z”d’y. Since PSF is symmetric and all the images
are square, we have Ly = L2Y and L2%* = LB®Y. For 2 x 2 sensor arrays
with symmetric boundary condition, we can also get Ly, LYY, Ly“" and Ly®Y.
Similarly, we have Ly* = L3, Lg’d’w = Lg’d’y. For 4 x 4 sensor arrays, similarly,
LB LRV e [Py and LT LYY, L3S L9™Y can also be gotten for periodic
boundary condition and symmetric boundary condition respectively. So, according
to equation (2.3), the following equations hold:

) ) ,d A A
-1 oIy 15— 5% o I3,
) ) ,d A A
=L o % 13— 5% o I,
) ) ,d A A
Ls=Ly"®LyY;,  Ly"=Ly"" @ Ly™Y;
) ) ,d A A
L5=L"@LyY; L% =Ly%" o Ly, (3.8)
According to the assumptions above, L', [B%® [5F [5ST [ [B.ox s

and L™" are all M x M matrices. We now give L5 and L3 as follows for an
example:
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Fs 2 g 1 19 2
8 28 128 128 128
B3 5% s % 1 1
128 823 %28 23 128 1 128 1
0 57 28 g0 L 1
128 8 28 128 128
1o B 3P o B 1
128 128 8 28 128
1o B 3P o 9B 1
P 128 128 8 128 128 '
2 - . . . . . )
19 2 5 23 g 1
128 128 8 28 128
0 L 1 0% %53 3P a3
s 628 N P 628 8, 128
L 128 128 128 128 8 .
- 103 23 1 1 T
198 138 18 1%
o W P
128 128 128 128
12 5 2 g
128 128 8 128
19 2 5 1
Ly* = 128 128 8 128 (3.9)
1 23 1
128 0 128 0 128
5 23 1
1y B B
R U G O
L 128 128 128 128 A

If the boundary condition is chosen to be periodic, then L and L% in (3.3)
are all block-circulant-circulant-block (BCCB) matrices and (3.3) can be solved
by three FFTs in O(M? log(M?)) operations [19, section 5.1.3]. If the boundary
condition is symmetric, then L and L? in (3.3) are all block Toeplitze-plus-Hankel
system with Toeplitze-plus-Hankel blocks (THTH) matrix and (3.3) can be solved
by three 2D fast cosine transforms (FCTs) in O(M? log(M?)) operations [17].

3.4. Fast Algorithm for Solving Lf =g

In this subsection, we give a fast algorithm which can decrease computation com-
plexity and speed up computation efficiently in solving (3.3). During computation,
LB b ppe ppdr s psht 1% and L% can be stored in the memory of
a computer in the manner of sparse matrices, but it will be complex and difficult
to store L, L% and L ® L% as sparse matrices. So, we derive a method from (3.3)
for reducing memory occupancy and thus speeding up the computation. According
to [19, 20], we know that L5, LB4® [p® [BhT 5T [55T 15 and L% can
be diagonalized by matrix A (Fourier transform or Cosine transform matrix) and
its inverse matrix A~!. Here, we take L %Y as an example. Assume that the
diagonal matrix of LY™ is D" and the diagonal matrix of LYY is DY, then:

Ly® = ADSTA™L, (3.10)

Ly = ADRY AL (3.11)
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Assume that A ® A = Ay,, A ® A™' = A;! and D} = DY* ® DyY.
According to (3.10) and (3.11) and assumptions above, L% can be written:
LY = Ly"®LbY=ADY A @ ADRYA™!
= (A® A)(DY"A ' @ DBYATY)
(A® A) (DY @ DY) (At A

= Ay,DYALL (3.12)
Similarly, following equation also holds:
5% = Ay, DB AL (3.13)

According to (3.12), we know that the diagonal matrix of L% is D%. Similarly,
the diagonal matrix of L5 is D5 and Dy = Dy®™ @ DE™¥. So, (3.3) can be
rewritten as follows:

: B -1l y\m
f= L+ DT (G518 (3.14)
As we know, 3/(1 — )1 is a diagonal matrix, so following equation holds:
p 1 g
Aap, DA =(——)I
According to the descriptions above, we can get:
, B - dy d, @ :
(L3I + =517 = Aen(DE" © DE™)(DE* © DY) +
(i n=taz} 3.15
Inserting (3.15), (3.13) into (3.14), gives:
16} _ 1 _
f = Ay (D2ODE + - 51) 1(1_ ﬂ)D’z”dA%lg. (3.16)

For any MM x 1 matrix L, M x M matrix A, B and P = A ® B, following
equation holds (See appendix for mathematical proof):

PL = S"Y(BS(L)AT). (3.17)

where S is an operator to order L into an M x M matrix in a row-by-row fashion,
and S~! is an operator to order BS(L)A” into an M M x 1 matrix in a row-by-row
fashion. So (3.16) can be rewritten as follows:

f o= STHAS((DyM DT +
B ip b pdat g .
(=5 DE—p) DS ATIS(@AT) AN (3.18)

_ —pn.d . . d
where D,”, D, % are inverse matrices of DY and D5“. From (3.18), we can see

that it need not to construct Lg’d and this will reduce memory occupancy and thus
speed up computation greatly. According to the definition of FFT, IFFT, FCT
and IFCT, (3.18) can be solved by two FFTs and two IFFTs in O(M?log(M?))
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operations when boundary condition is periodic or by two FCTs and two IFCTs
when boundary condition is symmetric, but not three 2D FFTs or FCTs given in
[9, 20]. Due to the decrease in memory occupancy, the computation can also be
speeded up, especially when the size of images is large.

4. Numerical Experiments

Numerical experiments were conducted to test the algorithm proposed in this
paper. We will illustrate effectiveness of the algorithm by the experiment results.
In these experiments, high-resolution images are all size 256 x 256. For 2 x 2 sensor
arrays, we use four low-resolution images of size 128 x 128 to conduct experiments.
For 4 x 4 sensor arrays, sixteen low-resolution images of size 64 x 64 are used
in test experiments. The peak signal-to-noise ratio (PSNR), which compares the
reconstructed image f. with the original image f, is defined by:

2552N M
PSNR =10 loglo W
cll2

We give the experiment results in Table 1-Table 4. In these tables, * means
the optimal values of 3; “biorthogonal” means the biorthogonal method proposed
in [9]; “dual” means to only apply dual lifting to the reconstruction process, and
“primal and dual” means to apply primal lifting and dual lifting to the reconstruc-
tion process at the same time. Table 1 is the experiment results for 2 x 2 sensor
arrays when boundary conditions is periodic. Table 2 is the results for 2 x 2 sensor
arrays with symmetric boundary condition. We can see that the “dual” and “pri-
mal and dual” methods improve the quality of reconstructed images significantly.
Especially, the “primal and dual” is more efficient than “dual”. We can also see
that the method we proposed is more efficient for the images with greater SNR.
Table 3 and Table 4 are the experiment results for 4 x 4 sensor arrays with pe-
riodic boundary condition and symmetric boundary condition respectively. From
the two tables, we can see the same effect as it shown in Table 1 and Table 2.
In comparison with 2 x 2 sensor arrays, the efficiency of the method for 4 x 4
sensor arrays is slightly reduced. From the Table 1 and the Table 2, we can also
see that the method is susceptible to noise, namely, the method is more effective
on the low-resolution images with greater SNR value. Visual experiment results
are shown in Figure 1 and Figure 2.

5. Conclusion

In this paper, we proposed an algorithm for high-resolution image reconstruction
based on wavelet lifting scheme. By the method, we improved the work of chan
[9] greatly. The method can also be easily extended to super-resolution image
reconstruction. Using the experiment results, we have shown that our method is
effective in high-resolution image reconstruction. However, for 4 x 4 sensor arrays,
performance of the method is worse than it for 2 x 2 sensor arrays. The experiment
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TABLE 1. 2 X 2 sensor arrays with periodic boundary condition

biorthogonal dual primal and dual
image | SNR PSNR | p* PSNR | p* PSNR | p*
Boat 30db 34.89 | 0.013 | 34.991 | 0.016 35.11 | 0.021
40db 41.40 | 0.017 |41.43 | 0.018 41.516 | 0.019
Lena 30db 35.92 | 0.027 | 35.969 | 0.029 35.992 | 0.031
40db 42.70 | 0.025 | 42.737 | 0.034 42.779 | 0.035

TABLE 2. 2 X 2 sensor arrays with symmetric boundary condition

biorthogonal dual primal and dual
image | SNR PSNR | p* PSNR | p* PSNR | p*
Boat 30db 36.048 | 0.012 | 36.44 | 0.039 | 36.598 | 0.22
40db 44.874 | 0.0013 | 44.981 | 0.00027| 45.265 | 0.031
Lena 30db 37.403 | 0.027 | 37.592 | 0.075 | 37.699 | 0.31
40db 45.612 | 0.0001 | 45.75 | 0.00043| 46.13 | 0.035

TABLE 3. 4 X 4 sensor arrays with periodic boundary condition

biorthogonal dual primal and dual
image | SNR PSNR | p* PSNR | p* PSNR | p*
Boat 30db 34.89 | 0.013 |34.991 | 0.016 |35.11 |0.021
40db 41.40 | 0.017 |41.43 |0.018 |41.516 | 0.019
Lena 30db 35.92 | 0.027 | 35.969 | 0.029 | 35.992 | 0.031
40db 42.70 | 0.025 | 42.737 | 0.034 | 42.779 | 0.035

TABLE 4. 4 X 4 sensor arrays with symmetric boundary condition

biorthogonal dual primal and dual
image | SNR PSNR | p* PSNR | p* PSNR | p*
Boat 30db 34.910 | 0.011 | 34.939 | 0.018 | 34.957 | 0.018
40db 43.00 | 0.015 |43.14 | 0.0145 |45.21 | 0.02
Lena 30db 36.127 | 0.027 | 36.17 | 0.026 | 36.35 | 0.029
40db 44.00 | 0.031 |44.18 |0.033 |44.37 | 0.035

results also show that the method is susceptible to noise. At the same time, a fast
algorithm was derived in this paper for solving Lf = ¢ under the periodic and

symmetric boundary conditions.
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(a) Original high-resolution (b) Low-resolution image (c) Reconstructed HR
“boat” image (256 X 256) with 30db white noise is image by the method by
added (128 x 128) “Chan”  with  periodic

boundary condition

(d) Reconstructed HR im- (e) Reconstructed HR (f) Reconstructed HR im-
age by “primal and dual lift- image by the method by ageby “primal and dual lift-
ing” method with periodic “Chan” with symmetric ing” method with symmetric
boundary condition boundary condition boundary condition

FIGURE 1. Experiment results for 2 x 2 sensor arrays

Appendix

Assume that A, B are all M x M matrices and P = A® B. Let g be an MM x 1
arbitrary matrix, then following equation holds:

P.g=S"YB-S(g)-AT). (A1)

where S is an operator to order g to an M x M matrix in a row-by-row fashion,
and S~! is an operator to order an M x M matrix to an MM x 1 matrix in a
row-by-row fashion.

Proof. Assume that the (k,7)th element of A is A(k, ). According to the property
of Kronecker tensor product, P can be represented as an M x M block matrix, and
its (m,n)th element can be represented as A(m,n) - B. So we can write Pg = f
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(a) Original high-resolution (b) Low-resolution image (c) Reconstructed HR
“boat” image (256 X 256) with 30db white noise is image by the method by
added (64 x 64) “Chan”  with  periodic

boundary condition

(d) Reconstructed HR im- (e) Reconstructed HR (f) Reconstructed HR im-
age by “primal and dual lift- image by the method by ageby “primal and dual lift-
ing” method with periodic “Chan” with symmetric ing” method with symmetric
boundary condition boundary condition boundary condition

FIGURE 2. Experiment results for 4 x 4 sensor arrays

as:
[ 91,1 i [ f1,1 i
A(1,1)-B  A(1,2)-B A(1,M)-B : :
A(2, 1) B A(2, 2) B A(2, M) B 9gm,1 _ fM,l
: : 91,2 fi,2
A(M,1)-B A(M,2)-B A(M,M)-B : :
L g | L

According to (A.1), the (m, j)th element of f can be represented by:

M M
fmg =AU k) D> B(m,p) - gp k- (A.2)
k=1 p=1



High-Resolution Image Reconstruction Using Wavelet Lifting Scheme 501

Let y = BGAT | where

gi,1 g1,2 o g91,Mm

g2,1  g2.2 o 92,M
G=|. . .

gma1 9m2 o MM

According to the definition of y, the (m, j)th element of y is
M

M
Ymi = > _AGE) D> B(m,p) - gp k- (A.3)
1 p=1

we can see that (A.3) has the same representation as (A.2), S0 yYm ; = fm,; and
P.g=5"(B-S(g)-AT).
O
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Mulitiresolution Spatial Data Compression
Using Lifting Scheme

B. Pradhan, K. Sandeep, Shattri Mansor,
Abdul Rahman Ramli and Abdul Rashid B. Mohamed Sharif

Abstract. In many applications referring to terrain visualization, there is need
to visualize terrains at different levels of detail. The terrain should be visual-
ized at different levels for different parts; for example, a region of high interest
should be in a higher resolution than a region of low or no interest. The lifting
scheme has been found to be a flexible method for constructing scalar wavelets
with desirable properties. In this paper, it is extended to the GIS data com-
pression. A newly developed data compression approach to approximate the
land surface with a series of non-overlapping triangles has been presented.
Over the years the TIN data representation has become a case in point for
many researchers due its large data size. Compression of TIN is needed for effi-
cient management of large data and good surface visualization. This approach
covers following steps: First, by using a Delaunay triangulation, an efficient
algorithm is developed to generate TIN, which forms the terrain from an arbi-
trary set of data. A new interpolation wavelet filter for TIN has been applied
in two steps, namely splitting and elevation. In the splitting step, a triangle
has been divided into several sub-triangles and the elevation step has been
used to 'modify’ the point values (point coordinates for geometry) after the
splitting. Then, this data set is compressed at the desired locations by using
second generation wavelets. The quality of geographical surface representa-
tion after using proposed technique is compared with the original terrain. The
results show that this method can be used for significant reduction of data set.

Keywords. Delaunay triangulation, Triangulated irregular network (TIN), Ge-
ographical Information System, Lifting scheme, Second generation wavelet,
Image compression, Multiresolution Analysis
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1. Introduction

Recently, most of the methods for image compression are based on wavelets and
related techniques. Wavelet approaches for image compression tend to outper-
form Fourier approaches because of its ability to represent both spatially localized
features and smooth regions in an image. The superior compression capability
of wavelets combined with their natural multiresolution structure makes them a
good representation for storing images. While working with dyadic wavelet de-
composition digital images are represented by wavelet coefficients. These types of
representation in dyadic wavelet decomposition are known as linear decomposition
over a fixed orthogonal basis. The non-linearity in the approximation of images
by wavelets is introduced by the thresholding of the wavelet coefficients. This
type of approximation can be viewed as mildly nonlinear. Recently, several highly
nonlinear methods for capturing the geometry of images were developed, such
as wedgelets [1] as well as edge-adapted nonlinear multiresolution and geometric
spline approximation [2]. This paper presents a new approach for non-linear image
compression method using second generation wavelets. A random set of points has
been approximated to represent a surface by Delaunay triangulation. The theory,
computations, and applications of Delaunay triangulations and Voronoi diagrams
have been described in detail n the literature [3, 4, 5, 6, 7, 8, 9, 10, 11, 12].
The present work describes a fast algorithm based on Tsai’s Convex Hull Inser-
tion algorithm [10] and [11] for the construction of Delaunay triangulations and
Voronoi diagrams of arbitrary collections of points on the Euclidean plane. The
original algorithm has been improved further for a faster computation of geomet-
ric structures. The source code has been written in FORTRAN compiler. Once
the triangulated irregular network has been created from the random set of points
was further subjected to compression by using second generation wavelets. Results
were shown in a comparative study basis for the TIN data compression at different
level of resolution

2. Delaunay Triangulation

Many researchers [13] and [14] have suggested different ways to construct triangu-
lations with the local equilateral property. A well known construction called the
Delaunay Triangulation simultaneously optimizes several of the quality measures
such as max-min angle, min-max circumcircle, and min-max min-containment cir-
cle. The Delaunay triangulation "DT” of a point set is the planar dual of the
famous Voronoi diagram. The Voronoi diagram is a partition of the plane into
polygonal cells one for each input point so that the cell for input point 'a’ consists
of the region of the plane closer to ‘a’ than to any other input point. So long as
no four points lie on a common circle then each vertex of the Voronoi diagram has
degree three and the DT which has a bounded face for each Voronoi vertex and
vice versa will indeed is a triangulation. If four or more points do lie on a common
circle then these points will be the vertices of a larger face that may then be trian-
gulated to give a triangulation containing the DT Voronoi diagrams and Delaunay
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triangulations have been generalized in numerous directions. For more information
on Delaunay triangulations and Voronoi diagrams see the surveys by [15] and [16].
There is a nice relationship between Delaunay triangulation and three dimensional
convex hulls. Lift each point of the input to a paraboloid in three-space by map-
ping the point with coordinates (z,y) to the point (x,y, 2 + y?). The convex hull
of the lifted points can be divided into lower and upper parts: a face belongs to
the lower convex hull if it is supported by a plane that separates the point set from
(0,0, —00) . It can be shown that the DT of the input points is the projection of
the lower convex hull onto the xy-plane as depicted in Figure 1. Finally a direct
characterization: if @ and b are input points the DT contains the edge {a,b} if
and only if there is a circle through a and b that intersects no other input points
and contains no input points in its interior Moreover each circumscribing circle
(circumcircle) of a DT triangle contains no input points in its interior.

Upper covex hull

Delaunay triangulation Loarer convrex hull

F1GURE 1. The lifting transformation maps the DT to the lower
convex hull.

Some properties of Delaunay triangulations have been discussed as follows.
Let Y denote a finite planar point set.

e A Delaunay triangulations D(Y') of Y is one, such that for any triangle in
D(Y'), the interior of its circumcircle does not contain any point from Y. This
specific property is termed as Delaunay property.

e The Delaunay triangulation D(Y) of Y is unique, provided that no four points
in Y are co-circular. Since neither the set X of pixels nor its subsets satisfy
this condition, we initially perturb the pixel positions in order to guarantee
unicity of the Delaunay triangulations of X and of its subsets. Each perturbed
pixel corresponds to one unique unperturbed pixel. From now on, we denote
the set of perturbed pixels by X, and the set of unperturbed pixels by ~X.

e Forany y e Y, D(Y \ y) can be computed from D(Y") by a local update. This
follows from the Delaunay property, which implies that only the cell C(y) of
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y in D(Y) needs to be retriangulated. Recall that the cell C(y) of y is the

domain consisting of all triangles in D(Y") which contain y as a vertex. Figure

1 shows a vertex y ¢ D(Y') and the Delaunay triangulation of its cell C'(y).
e D(Y) provides a partitioning of the convex hull [Y] of Y.

(b)

FIGURE 2. Removal of the vertex y ¢ D(Y), and the Delaunay
triangulation of its cell C(y). The five triangles of the cell C(y) in
(a) are replaced by the three triangles in (b)

(b)

FIGURE 3. Figure 3(a) shows irregular set of points and Figure
3(b) shows the TIN data structure using Delaunay triangulation
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3. Interpolation Wavelet Filters for TIN

An interpolation wavelet filter for TIN lies in subdivision process which has two
steps [17]. One is a splitting step; the other one is an elevation step. In the split-
ting step, a triangle is divided into several sub-triangles. The elevation step is to
calculate the point values (point coordinates for geometry) after the splitting. Let
us discuss this partition step mathematically. Consider a data set to be partitioned
into two groups, called S and e. Using P to express the point coordinates, one can
construct an estimation of Py based on P,.

Ps:E(Pe) (1)

The estimation function (filter) (E) can be a local estimation or global esti-
mation. A global estimation is generally computationally expensive; therefore, a
local estimation using only neighboring points is preferred. After the estimation
step, a wavelet term, W, and an approximation term, Ay for the original data can
be constructed as:

W, =P, — P, @)
A = P, + C(Wy)

The correction function C' is a customizable function based on different op-
timization requirements. An inverse transform can be constructed as:

P.=A, — C(Wy)
P. =W, + E(P,) ®)

If the original point set can be partitioned into a nested group, then the above
process can be iteratively applied to different sets in this group. A nested group
has the flowing structure:

elYst=etli=0,...,N—-1 (4)

e’V denotes the finest representation of the geometry. e can be partitioned
into eNM~! and sV ~1; then eV ! can be partitioned into eV~ and s¥~!, and so
on, until e! is partitioned into e® and s°. Note that the superscripts are used to
represent different resolutions (larger numbers represent finer resolution). Based on
this nested (or hierarchical) structure of the partition, one can construct wavelets
and approximations of the data as:

A,y =P~
e =e "t Us' L Bao1 = Agi(efh), Byior = Agi(s1) 5)
Wois = Byis — E(Byi1),i=N,N —1,...,1

Agi-i = Baio1 + C(Wsi—l)
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Here, B is an intermediate symbol to represent the partitioning result. A
is partitioned into two components: Aei(6171) and Aei(8171), which belong to e*~!
and s~ ! respectively. Based on equation (5), the original data P,~ is decomposed
into Aeo, Wyo, Wii, ..., Wyn—1 . Equation (5) is the analysis transform, which
decomposes the finer representation into a coarser representation plus details. The
synthesis transforms in the inverse transform and is shown in equation (6). The
reconstructed Aqo, Aer, ..., Aonv (= P,~) yield a multiresolution representation of
the original data.

B, = Aei - C(Wsi)
By =W +E(Bei),i=0,1,...,N— 1
6i+1 = ei U Si, Aei+1 (ei) = Bei,Aei+1 (81) = Bsi (6)
P~y = AeN

In the above derivation of a wavelet representation [18, 19, 20, 21] the process
does not depend on a regular setting for the data; therefore, it can be used in both
the regular and irregular setting cases. This is an important advantage of the lifting
scheme [22] and [23]. If the filters E and C and are the same for every point at
a given level, the scheme is a uniform scheme. If they also do not change with
the resolution, 4, the scheme is a stationary scheme as well. However, equations
(5) and (6) are general formulas. Non-stationary and non-uniform schemes can be
written in this form with indices on E and C'. Nevertheless, those schemes could
cost more computing resources and may be less effective for data compression in
GIS applications.

4. An Example

Figure 4 shows an example that illustrates the basic idea of the above construction
process. Here E and C depend on €0 and s0; therefore, it is a non-stationary and
non-uniform transform. Given irregular data on points e* = {to, t1, t2, t3, ta, },
the one step partition and wavelet transform are:

Ael = Pelaeo = {t07t27t4}750 = {t17t3}
el =eOJsY, Boo = A1 (€2), Byo = A1 (s0), A = Bi=to ) = La=t2

to—to’ ta—to P
B [P 11—\ A 0 to
Weo = Bgo — (Beo) = [ Pt; ] - [ 0 1— )Xo A2 ] ?Zz (7)
P, -\ 0 S
Ao = Beo + C(Wyo) = P, | + A1 1= Ao [ th ]
Pt4 0 )\2 ts

In this example, a linear estimator and corrector are used for F and C. If \;
and Ay are 0.5, the correction step makes the norm defined in equation (8) take
a similar value than the uncorrected value. (Note that in equation (8), Ao (¢;)
for t; ¢ €° refers to the estimation value F(A.0) at t;. This is an example of the
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Estimation of P After cofrection

Ps

to t1 tz tz t4

FIGURE 4. Example that illustrates the basic idea of construction
of lifting scheme process.

optimization in the correction step. Equation (7) is the analysis transform for the
first step. The synthesis transform can be derived by replacing the estimator and
the corrector in equation (6).

norm = Z (A1 (t;) — Aeo(t5))? (8)

tj€er

The above scheme is one type of filter based on the lifting scheme. This is
called an approximation filter, in which every point value will change after each
iteration. The other type of filter based on the lifting scheme is an interpolation
filter, in which a point value reaches its final position once it is calculated. If the
correction term is omitted in equation (5), the filter becomes an interpolation fil-
ter. An approximation filter may be optimal in a defined global norm. However,
interpolation filters have the advantage of interpolating point values, which may
be useful in some GIS applications. Therefore, choosing the type of filter depends
on the application. For example, approximation filters are generally used in pro-
cessing image because the whole scene of an image is more important to the viewer
than any individual pixel. For GIS terrain data, however, interpolation is gener-
ally preferred because point values are often more useful than a general shape.
Therefore, interpolation wavelet filters will be used in this research for processing
three-dimensional terrain data.

5. Results and Discussion

Results for irregular triangulated network data for three-dimensional GIS terrain
have been presented. The original data was in an irregular fashion. Delaunay trian-
gulation method for the creation of the TIN has been applied to the original data.
A new algorithm has been developed for the creation of the TIN. Further, TIN
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h.

(c)

FIGURE 5. Figure (a): shows the original TIN data; Figure (b):
shows the wavelet compression at the level of 12% and Figure (c):
shows the wavelet compression at level of 23%

was compressed using the second generation wavelets. A new algorithm for sec-
ond generation wavelet compression is proposed. Based on the initial configuration
of the original TIN, different resolutions are constructed during wavelet analysis.
Figures 7 and 8 above show the results computed using the wavelet based lifting
scheme algorithm. Figure 6 shows the original data. Figure 7 shows the results after
12% compression and figure 8 shows after 23% compression. Different compression
schemes, such as Huffman coding can be applied to these wavelet coeflicients to
further reduce the storage size. This work also provides current implementation
of wavelet coefficients during the compression operation. The proposed algorithm
has the multiresolution capability and easy to compress due to large number of
wavelet coefficients with small magnitudes which is suitable for distributed GIS
applications such as web displaying. The research is ongoing. The future work
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includes the wavelet compression analysis for different sets of terrain at different
level of resolution to verify the results with existing compression techniques.

Conclusion

The construction of Triangulated Irregular Network using Delaunay triangulation
has been shown. This approach uses fast and efficient second generation wavelets
algorithm for multiresolution analysis of GIS data compression. This algorithm
is easy to perform the mathematical and computational operation with minimal
time, irrespective of the large data. Our algorithm scheme preserves high-gradient
regions that might exist in a given data set. We have tested our method with
various data sets. The computational cost of our algorithm depends on the different
approaches used. The initial triangulation can be done in O(nlogn), the gradient
approximation can be done in O(nlogn). The individual refinement step has to
check all the original data points lying in the involved triangles, so the complexity
of each step is O(n). How often the iteration step is executed depends on the
error value given in the input. As a general rule, the authors have assumed that
no more iteration should be done than they are original data sites. So the overall
complexity is O(n?). We are currently investigating the detailed error analysis for
the different sets of data sets at different scales.
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Ridgelet Transform as a Feature
Extraction Method in Remote Sensing
Image Recognition

Yuanyuan Ren, Shuang Wang, Shuyuan Yang and Licheng Jiao

Abstract. Using ridgelet transform to do the feature extraction, and RBFNN
to do the recognition and classification, a remote sensing image recognition
method is put forward in this paper. We do mathematical implementation
and experimental investigation of ridgelet transform to analyze its character-
istic and show its performance. Since ridgelet transform outperforms wavelet
transform in extracting the linear features of objects, the proposed method
has higher efficiency than that of wavelets. The simulation in remote sensing
image shows its feasibility..

Keywords. Ridgelet transform,Radon transform,Dyadic wavelet,Image recog-
nition and classification.

1. Introduction

Feature extraction is a necessary process in image classification and recognition.
The aim of it is to reduce the complexity of the original problem by means of pro-
jecting the input patterns to a lower-dimensional space, i.e. to represent the target
with fewer items without loss in another space. This calls for a sparser represen-
tation of the objective. Indeed, it is one of the main objectives of computational
harmonic analysis (CHA) [1]. Wavelets, with its good time-frequency character-
istic and its sparseness in representing the O-dimensional (0-D) singularities of
signals (i.e. the point-like targets), is an efficient tool for feature extraction, and
has been widely used in the detection and recognition of various digital images.
However, it is not the optimal basis to represent higher dimensional singularities
such as linear singularities in 2-dimensional (2-D) space, and hyperplane singular-
ities in higher dimensional spaces [2]. An obvious example of linear singularities in
2-D are edges, which usually contain abundant information, especially in textual

This work was supported by the National Science Foundation under grant no. 60133010.
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images and SAR images. Ridgelets are superpositions of ridge functions or sim-
ple elements that are in some way related to ridge functions. With its orientation,
ridgelets can represent objects with linear singularity in 2-D sparsely, and result in
fewer features to represent more information and consequently improve accuracy
of classification. Throughout the development of ridgelets, monoscale ridgelets [3],
orthonormal ridgelets [4], finite ridgelets [5], and ridgelets frame [6] have been pro-
posed sequentially. In remote sensing signal processing, recognition of 2-D radar
targets is an important task. Radar images, such as planes and ships, often have
stronger linear features. It can make contribution to the subsequent disposals of
recognition and classification when a proper feature extraction tool is used. In this
paper finite ridgelets are adopted for feature extraction. We firstly apply ridgelet
transform to the pretreated images and then recognize and classify the targets
with a simple RBFNN. Feature extractions based on the wavelet transform are
also discussed for comparison. Experimental results illustrate the superiority of
ridgelets to wavelets in extracting the linear features.

This paper is arranged as follows: the next section briefly explains the con-
cept of the ridgelet transform and sparseness conception. In section 3 the detailed
implementation of the referred algorithm is presented. Experimental results are
shown in section 4 and the conclusion in section 5.

2. Implementation of Ridgelet Transform

The concept of ridgelets was firstly proposed by Cands [7] in 1998. Compared
with wavelets, ridgelets have orientation and thus can sparsely represent linear
singularities in 2-D, plane-like singularities in 3-D.
2.1. 2-D Ridgelet Transform in Image Processing

2-D ridgelet transform|[2, 7] is defined as follows:
Let ¢ : ® — R satisfy [(¢)dt =0, for all a > 0,b € R,0 € [0, 27), define
bivariant function g5 6 : R2 — R2:

Yapo(z) =a 12 p((cos(d)x1 + sin(f)zy — b)/a) (1)
Where ¢ is a 1-D wavelet function. Function 3¢ is constant along “ridges”,

while a wavelet form transverse to these ridges, hence the name ridgelets.
For a bivariant function, its ridgelet coefficients are defined as:

Rf(CL7 b7 6) = /&a,b,@(x)f(x)dx =< wa,b,97 f > (2)
Suppose the Radon coefficients Rf(u,t) = [ f(z)d(uv'z — t)dz of f(z) be the

integral of f along u/x = ¢, and then we get:
Ry(a,b,u) =< ¢ap, Rf(u,-) > (3)

where q,(t) = ¥((t — b)/a)/+/a is 1-D wavelets.

It can be inferred from above that the ridgelet transform is precisely the ap-
plication of 1-D wavelet transform to the slices of the Radon transform where u
is constant and is varying [2]. And its coefficients of a function are equal to the
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orthogonal multiplication of its Radon transform with 1-D wavelets. Linear singu-
larities in images are translated into point-like singularities by Radon transform,
and these singularities can be best represented by wavelet transform. Through such
transform, the ability of ridgelets to represent linear targets in higher dimensional
space can be performed.

2.2. Dyadic Wavelet Transform

Dyadic wavelets [8, 9] lie between continuous wavelets and discrete wavelets. In
dyadic wavelets, the scales are discretized while the shifts are continuous, which
is different from discrete wavelets whose scales and shifts are both discretized,
and the continuous wavelets whose scales and shifts are both continuous. Dyadic
wavelets have the time translation invariance and are important in singularity
detection. In this paper, 1-D dyadic wavelet transform is adopted. It is defined as

follows:
t—x

W f0) = £, 0 = 35 [ e’

Suppose ¥(t) is a wavelet satisfying the permission condition. Let its scale varies
along the dyadic sequence in time domain, hence the name dyadic wavelet. Since
dyadic wavelet transform does not allow sub-sampling, it can better preserve the
whole properties as well as its completeness, stability and redundancy. The sin-
gularity of a signal with its magnification can be confirmed by the variation of
dyadic wavelet transform coefficients with scale parameter in one place. Since the
local maxima are corresponding to the singularity points, the magnification and
location of singularities can be detected by the dyadic wavelet transform [9].

)dx (4)

2.3. The Analysis of Sparseness Conception

The conception about the “sparseness” can be traced back to a thesis written
by Olshausen and Field [10]. They proposed that images can be presented by
superstitions of base functions in different sampling blocks and searched for a
sparse representation for the sampling block to reconstruct the original images.
For a sampling block X?, its sparse representation through transform is as below:

XP Y 00, (5)

m

where ¢,, are the base functions and 67, the corresponding coefficients. The higher
the degrees of approximation of the coefficients are, the sparser the expression is.
Ridgelet transform has the higher degrees of approximation than wavelet in 2-D,
and thus can get sparser representation for linear singularities.

It can also be seen from the distribution graph below (Fig.1 (a) (b)) that
after Radon transform, though there are many low values around the several dis-
tinct higher peeks, the number of peaks corresponding to the linear features in
the original image which containing information are few. In contrast, though the
distribution of wavelet transform coefficients (Fig.1 (¢) (d)) is compact, the num-
ber of its peeks is more than the above graph. And in such a case, we propose the
“coeflicients convergence” method. Points around the peeks are converged.
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(c) (d)

FIGURE 1. Distribution of coefficients (3-D) (a) Radon coeffi-
cients of planes, (b) Radon coefficients of ships; (¢) wavelet co-
efficients of planes; (d) wavelet coefficients of ships

3. Recognition of Remote Sensing Image Based on Ridgelet
Transform

For the remote sensing targets, the screening process is inevitably affected by the
screening condition and weather, thus appear distortion, blurring, dithering. So
these have to be pretreated first. After pretreatment, they have been changed into
binary images.

3.1. Analysis of Algorithm

Before transform, samples are thinned to extrude their linear features. The skele-
tons of ships and planes are shown in Fig.2. After thinning, the redundancies of
images are slashed while primary information is retained. We then transform im-
ages with ridgelet transform, by the way of dyadic wavelet transform implemented
by ATrous algorithm after Radon transform implemented by FSS (Fast-Slant-
Stark) [11]. It can be seen from the explanatory drawing that the skeletons of the
same type of targets (Fig.2 (a) (b) (c) (d)) resemble each other, while skeletons
of different objects differ. Since the number of basic skeletons after thinning is no
more than 6, we converge the transformed coefficients to 6 points at most as fea-
tures. Choose the approximation coefficients as wanted information and use these
information to converge, thus produce the feature matrix of the images.
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() (b) (e) ()

FIGURE 2. (a)-(d): Skeletons of different type of planes (e) (f):
skeletons of ships

3.2. Detailed Algorithm

Based on the analysis mentioned above, we adopt the following scheme to extract
features with ridgelet transform:

1. Pretreatment of images with mathematical morphology: for the binary input
image f(m,n),1 <m < 128,1 <n < 128 of 128x128, dilation is first used,
and then thinning, thus get the treated image fi;

2. Radon transform: Radon transform is taken for with the Fast-Slant-Stark
method, and the transformed image is denoted by fo is 256 x256;

3. Dyadic wavelet transform: dyadic wavelet transform is done to each slice of
fa, with ATrous algorithm, thus each column in the radon transformed ma-
trix is changed into 2° — 1 columns according to the preset scale i, each of
which stores the corresponding frequency component coefficients at corre-
sponded scale and the first stores the approximating component, select the
low frequency coefficients as features. The size of the transformed matrix is
256 %256, denoted by R;;

4. Feature extraction and selection:

(a). For the discrimination: converge the ridgelet transform coefficients R;
of each image into several representing points, pick-up the first 6 largest
values as features and form the feature matrix;

(b). For the classification: singular value decomposition is applied on the
ridgelet transform coefficients matrix R; of each image, Select the first
25 values to compose the feature vector;

5. An RBFNN is adopted as a classifier to implement the classification. Samples
obtained through the above steps are sent into the network for training and
testing.

4. Experimental Results

Experiments of target recognition and classification based on the ridgelet transform
for extracting the features combined with RBFNN are put into practice: First are
the experiments on recognition. The samples are shown in Fig. 3.
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FIGURE 3. Samples 1:Planes and ships

TABLE 1. Comparison of wavelet and the referred method for recognition

Wavelet transform | The referred method
Level' | SMR? RPR? SMR RPR

Experiment 1: L=1 86 90.49 percent | 23 | 97.46 percent
Training samples: 160 | L=2 100 | 88.94 percent | 27 | 97.01 percent
Testing samples: 904 | L=3 73 91.92 percent | 43 | 95.24 percent
Experiment 2: L=1 36 91.82 percent 13 | 97.05 percent
Training samples: 160 | L=2 49 88.86 percent 14 | 96.82 percent
Testing samples: 440 | L=3 40 90.91 percent | 30 | 93.18 percent
Experiment 3: L=1 35 90.28 percent 11 | 96.94 percent
Training samples: 240 | L=2 37 89.72 percent 14 | 96.11 percent
Testing samples: 360 | L=3 35 90.28 percent | 28 | 92.22 percent

Experiment 1 is carried out under the following condition: there are totally
1064 2-D pictures, 80 from which about planes and ships respectively are randomly
selected for training, while 904 are for detection. Experiment 2 is under the same
condition with reference [12]: 280 ships and 320 planes composing totally 600
samples are included. 80 respectively are randomly selected for training, while 440
for detection. Experiment 3 is under the same condition with the reference [13]:
280 ships and 320 planes composing totally 600 samples are included, 40 percent
of which are for training, while 60 percent for detection(® Level: decomposition
level;> SMR: Samples of Miss Recognized; ® RPR: Rate of Proper Recognized).

The experimental results show the higher rate of ridgelet transform than
wavelet through the identical procedure in recognition. And the results in experi-
ment 2 are better than the rate of 94.5 percent listed in reference [12]; the results
in experiment 3 are better than that listed in reference [13].

The RPR of the referred method decreases with the increasing decompo-
sition level. The reason for this phenomenon is that, as the decomposition level
increasing, scale becomes coarser, and information contained in the obtained image
decreased, lead to the lower recognition rate. Therefore the following experiments
will carried out only in the level 1. Then are the experiments on classification of
planes, samples are shown in Fig. 4.
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TABLE 2. Results of classification of 4 different kinds of planes

Experiment 4: SMR RPR
Training samples: 81 Wavelets 24 | 79.13 percent
Testing samples: 115 | The referred method 3 97.39 percent

B Lt
oA XA oy

FIGURE 4. Samples 2:4 different kinds of planes

Experiment 4 is done under the following condition: there are totally 196 2-D
pictures about 4 kinds of planes, in which 81 are randomly selected for training
and 115 for detection. Adjust the parameters and get the experimental results in
Table 2:

Finally are the experiments on the bridges in SAR images of Washington.D.C
from Sandia National Laboratory, which includes 12 bridges.SAR images, for their
complicated background and speckle noise, are difficult to distinguish between
different bridges. So the standard deviations of each frequency component as well
as mean values are extracted in the features selection process. Fig.5 shows the
bridges used in the experiments. To make up the deficiency of the samples, images
are rotated at intervals of 6 degrees with the bicubic interpolation method, and
this produces 780 images in all, 260 of which are taken for training and 520 for
testing. The experimental results are shown in table 3.

TABLE 3. Results of classification of 12 bridges

Experiment 5: SMR RPR
Training samples: 260 Reference [14] - | 85.76 and 93.65 percent
Testing samples: 520 | The referred method | 32 93.85 percent

The results in reference [14] are listed as comparison. In the above chart, the
data 85.76 percent in reference [14] is got by the Radon transform with RBFNN as
classifier while 93.65 percent is got by the Radon transform with SVM as classifier.
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FIGURE 5. Samples 3:12 bridges in SAR image (where the two
adjacent images are of the same kind. And the 25th and 26th
bridges are fake targets seen from top to down and from left to
right).

5. Conclusion and Discussions

Ridgelet transform used in feature extraction is introduced in this paper. Feature
extractions are implemented based on the ridgelet transform, and then neural
network is used for the subsequent recognition and classification. The experimental
results show the ridgelet transform is more efficient than wavelet transform in
recognizing and classifying the remote sensing images for its fewer decomposition
coefficients, as well as its better application prospect. The drawback of it is that
it requires longer calculation time in feature extraction than wavelet transform.
This is caused by the concrete way of implementation of ridgelet transform, i.e. the
radon transform combined with dyadic wavelet transform. The further research is
to increase the implementation efficiency of the ridgelet transform. When a fast
and efficient method of ridgelet transform is obtained, this problem can be solved.
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Analysis of Frequency Spectrum for Geometric
Modeling in Digital Geometry

Zhanchuan Cai, Hui Ma, Wei Sun and Dongxu Qi

Abstract. In order to explore the properties of frequency spectrum for geo-
metric modeling, a complete orthogonal piecewise k-degree polynomials in
L? [0,1], so-called U-system, is introduced. The expansion in U-series has ad-
vantageous properties for approximations in both quadratic norm and uni-
form. Using U-system with finite items, it can be realized to exactly represent
geometric modeling. This paper analyzes the properties of frequency spectrum
for geometric modeling in theory and gives some interesting results in geo-
metric transform.By comparing U-system with Fourier system,experiments
indicate that U-system is more suitable for analyzing frequency spectrum for
geometric modeling than Fourier system is.
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Keywords. U-system, geometric modeling, energy, frequency spectrum, nor-
malization.

1. Introduction

With the increasing use of geometric modeling in industry, algorithms processing
geometric signals become more and more important[1] . In the field of digital geo-
metric processing, it is vital that the different geometric graphs can be represented
by some basic graphical elements. In many cases of CAGD, objects are always de-
scribed as one/ several group of graphs, such as machine parts and components,
cartoons, surfaces of buildings and so on [2][3]. It is remarkable that there is close
relation between geometric problems and image processing. For example, in pat-
tern recognition, people need to match the graph based on its characters after

This project is supported by “Mathematics mechanization method and its application on Informa-
tion Technology” (the National Grand Fundamental Research 973 Program of China under Grant
No0.2004CB3180000), the National Natural Science Foundation of China (No. 60133020), Guang-
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The China Scholarship Council. Corresponding author:Wei Sun(Email:lwhite@263.com).
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getting the geometric graph of a certain object by edge detection. So, it is neces-
sary to discuss the effective methods on how to make frequency spectrum analysis
with the data coming from these geometric graphs. In the domain of CAGD [4]
[5], discussion of frequency spectrum will help to classify graphs [15] [16].

Firstly, in the theories and applications of communication and signal process-
ing, the class of complete orthogonal functions in L2[0,1] is the basic and important
mathematical tool. Secondly, if there is a felicitous class of complete orthogonal
functions system, which can exactly express a widely kind of groups of paramet-
ric geometric modeling by finite functions, we can take them as the most basic
graphical elements. Thus we can get a new expression of the group of geometric
graphs based on those functions. Moreover, we may use some theories on the class
of orthogonal complete functions to do further analysis and synthesis of geometric
information and other relative important research.

Currently, despite the recent promising progress of digital geometric process-
ing, it still lacks analysis of frequency spectrum like digital image. The research of
digital geometry has been rarely conjoint with the analysis of frequency spectrum,
mainly because of the choice of orthogonal complete functions. In fact, not all
class of orthogonal complete functions is suitable for the analysis and synthesis of
geometric information. It is well known that Fourier system, Legendre system and
Chebyshev system are the class of orthogonal functions system [6][7]. However,
they cannot exactly express commonly geometric information (curves, surfaces)
by using finite items, such as the phenomena of Gibbs (See FIGURE 9). So they
are not suitable for analysis of frequency spectrum for geometric modeling of digi-
tal Geometry [15][17]. Moreover, because of the strong discontinuity of Walsh and
Harr systems, they cannot be used as a tool for those applications, which need the
finite items to approximate continuous function [6].

Twenty years ago, Qi and Feng proposed the U-system and gave the relatively
completed theories [8]. While in [19], they study a similar idea on the triangle.
Using these theories, in [9], motivated by in the work in [8], Micchelli and Xu
constructed orthogonal multiwavelets for any invariant sets in R™ and later they
used the wavelet to develop Galerkin methods and collocation methods to solve
integral equations with weakly singular kernels. This indicates the application
foreground of U-system [9-13].

The k—degree U-system consists of a series of piecewise k—degree polyno-
mials. It includes not only differentiable functions but also piecewise ones, which
include all kinds of discontinuous points on [0, 1]. It means that discontinuous
points in different levels are conducive to express geometric information.

In this paper we investigate a special class of complete orthogonal functions
in L%[0,1], so-called U-system, U-system can exactly express common geomet-
ric information (curves, surfaces) by using finite items .So U-system are suitable
for analysis of frequency spectrum for geometric modeling in digital geometry
[15][16][17]. Moreover, we analyze frequency and normalized frequency properties
of geometric modeling in theory and experiment. We find that normalized fre-
quency and normalized energy for the same geometric modeling are invariant in
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geometric transform, such as translation, scale and rotation. In the end, some
experimental results are given.

2. Piecewise Linear Complete Orthogonal U-system

As preparing, this part firstly introduce the definition of piecewise linear U-system.
The piecewise linear complete orthogonal function system on the interval [0,
1], so called U-system,is constructed as following:
Consider the linear function space on the interval [0, 1], denoted by S10, and
then the following two function:

1
Up(z) =1, 0§x<§ (1)

Uy (z) = V3(1 — 2z), %<x§1 (2)

Structure the standard orthogonal base of S10. Further consider the piecewise
linear function space divided by the point x = % on the interval [0,1], denoted by
S11. Obviously, the dimension of S11 is 4. Besides the two functions showed in
(1) ~ (2), we need two piecewise linear functions:

V3(1—4zx), 0<z<l

Us(x):{f)—Gx I

Where the first three function in (1) ~ (3) is orthogonal each other. The
fourth function in (4) can be easily obtained based on the piecewise linear condition
and the orthogonality with the second function. Note that the fourth function is
odd symmetric on the point x = %, but it is not symmetric on the interval [0,
] and [, 1]. Summarily, the four functions in (1) ~ (4) constitute a group of
standard orthogonal base.

Next, consider the piecewise liner function space S12 on the interval [0,1],

1 1 3

divided by the point x = 3,z = 5,2 = 7. Because the dimension of S12 is 8, there

must be 8 orthogonal piecewise linear functions. That is to say that, four piece-
1 1 3

wise linear function divided by the point z = ;,# = 5,z = § must be constructed
besides the four function above. Therefore, using “compressing and copying” gen-
erates the other four functions.

So-called “compressing and copying” can be divided into two parts. First,
compress the third and the fourth function on the half of the interval, [0, %], Next,
direct-copy and opposite-copy it on [%, 1]. Then, every function generates two new
function on S12, which are contrary parity on the point x = % “Compressing and
copying” is showed in the following figure:

“Compress and copy” the third and the fourth function, and then the four

new functions can be expressed as following:
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It is easy to be verify that the eight piecewise linear functions in (1)~(8)
constitute a group of standard orthogonal base on S12. It is stressed that, the
“compressing and copying” mentioned above which generates the new function
have the generality. That is to say that, when consider eight equal sub-interval on
[0, 1] and the dimension of piecewise linear function space S13, 16, more 8 new
function need to be added. These functions can be generated by “compressing and
copying” mentioned above.

Generally, construct the 2n + 1 orthogonal base function on Sln, “compress
and copy” the latter 2n function of these functions to obtain 2n+1 functions,
and add them to constitute the standard orthogonal base on space S1 (n+1).
n=0,1,2,3,....1t can be proved that, when n — oo, the obtained infinite piecewise
linear function group have the standard orthogonality and completeness.

Piecewise linear standard orthogonal complete system in L?[0,1] can be ex-
pressed by:

U(l)(): V3(1—4z), 0<z<i
2 V3(4z—3), i<z<l1
W,y _J 1—-6z, 0<z<i
U ()_{5—6:6, 1<z<1
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- Uk(22) 0<z<l
2k—1 n ) = 2
Uni1 (@) { Uk(2-22), i<z<1
Us(2) 0<z<?l

2k 3 ) 5
Una )_{ ~Us(2—2z), i<z<1

k=1,2,3,..,2" 1 n=23, ..

The value of the function takes average limited value on two sides on the

divided point. Such 16 defined function on piecewise linear U system is showed in
FIGURE 1. (b)

3. The k-degree U-system
In this section, the k-degree U-system is introduced [8].

3.1. Construction of k-degree U-system
Step 1: Taking first k+1 polynomials in Legendre orthogonal system, and denote
them as,Up(z), Ur(z), ..., Ui(z), z € [0, 1]

Step 2: Construct k+1 new functions f;(z),i = 1,2,....,k+ 1,2 € [0, 1],and
let them satisfy conditions:

(i)  fi(z) is a k-degree piecewise polynomial divided by the point x = % ;
(ii) < fz(x),fj(x) >=0;5,1,] € {1,2, e k4 1} ;
(iii) < fi(z),2? >=0,i€{1,2,....k+1},i€{0,1,2, ...,k +1}.
Where< e,e > denotes the inner product in L?[0,1]. Thus, we get the series of
functions: Uy(z), Uy (), ..., Ur(z), f1(z), fo(x), ..., fer1(2);

Step 3: Using “squish-repeat”, or “direct-copy and opposite-copy” [14] con-
structs the other 2 - (k + 1) functions.

Beginning from f;(z), each function generates two new ones as follows,

_ [ B, 0<z<y
fi,1(56)—{ fi(2—2z), % <x§21

_ [ i), 0sw<;
fi,2(x)_{ —fi(2—-22), 1 <x§21

The rest may be deduced by analogy, and we can obtain the class of k-degree
U-system.

Obviously, when k = 0, the 0-degree U-system is just the series of Walsh
functions. That means Walsh functions are the special case of U-system.

When k = 0,1, 2,3, the relative functions are shown in FIGURE 1 (a), (b),
(¢), (d). It is noticeable that, in FIGURE 1, functions of U-system are denoted as

Ul(j ), where | denotes the number of fragments and j does the j** function[8].
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FIGURE 1. k—degree U-system (when k=0,1,2,3)

3.2. Properties of k-degree U-system
K-degree U-System has some properties [8]:
(¢)  Orthonormality < f;(x), f;(z) >= 6;5,4,5 = 0,1,2, ...
(i1) Convergence of Fourier-U Series by Group
For a given function F, let

P, F= iaiUk,i
i=0

Then let P, F is the best Ly-approximation to F from the space span(Us ;)g ..
Thus we have

lim ||[F— P,F||;=0,F € Ly[0,1]
n—o0
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lim [|F'— P, Fl|e =0,F € C[0,1]

n——o0
These denote that Fourier-U series have the properties of Lo-convergence,
completeness and convergence uniform by group.

(#4i) Fourier-U Series Reproduction
If F is a piecewise k-degree polynomial, which has some discontinuous points
on r = o~ (¢ and r are integers), it can be exactly express with finite items
of Fourier-U series. The k-degree U-system has much abundant discontinuity
information. Especially using convergence uniform by group and Fourier-U
series reproduction, we can analyse frequency spectrum of geometric model-
ing.

4. Orthogonal Representation of Parametric Curves and Surfaces
[21] [22] of Geometric Modeling

Let s,t € [0, 1], for simplicity, we take one degree U-system as an example. Assum-
ing that the interval [0, 1] is divided into eight sub-intervals. Then, approximation
function is expressed:

Ff(svt) = fi(svt)

where s € [, mil) ¢ ¢ (%, ) mon=0,1,...,7

8 8
Let
x(s,1) 15 15
P(s,t)= | y(s,t) | =D > Ni;UiiU,(t)
z(s,1) i=0 j=0

The curves or surfaces in the given geometric modeling are expressed para-
metric polynomials:

x(s,t) = Fy(s,t)
y(svt) = Fy(svt)
z(s,t) = F.(s,t)

Where A; ; = fol P(s,t)U1,;Un jdsdt,i,5 =0,1,2,...,15.P(s,t) can be exactly
expressed by the given F; ;(s,¢) with finite items. So we call \; ; as frequency
spectrum of P(s,t) .

The “energy” of P(s,t) is defined as following:

15 15 1
E= (ZZ)‘?J)E

i=0 j=0
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5. Frequency Spectrum Theorem

According to the above defined J; ;, we can obtain these frequency spectrum the-
orems in below. These theorems are very helpful and strongly mathematic tools
for analyzing frequency spectrum for geometric modeling.

Theorem 5.1 (Superposed Theorem). If frequency spectrum of function Fy(s,t) is

)\Z(-}j),i,j =0,1,2,...,n, and frequency spectrum of function Fy(s,t) is )\Z(-?j),i,j =

0,1,2,...,n, then frequency spectrum of function F(s,t) = Fy(s,t)+ Fa(s,t) should
be A 4+ A%
0. W3

Proof.
Frequency spectrum of function F'(s,t) is

1 1
Aij = / / P(s,t)Uy Uy jdsdt
0 0

1 1 1 1
/ /(Pl(s,t)U17iU17jd8dt+/ / Pz(S,t)U17iU17jd8dt
0 JO 0 JO
— D (2)
= AJ+ A7
O

Corollary 5.2. If frequency spectrum of function Fp,(s,t) is )\E?),i,j:& 1,2,...,m;

m =0,1,2,...; where )\Z(-ZZ) = (()‘ET))I’ ()\Z(-?))y, (AET))Z) Jthen frequency spectrum

of function
n

F(Svt) = ZFj(l',y)
j=1

should be

>N

m=1
Theorem 5.3 (Retarded Theorem). If frequency spectrum of function F(z,y) is
Xij, 1,7 =0,1,2,...,n, then frequency spectrum of function F(z+a,y+b)xc should
be Ai; + (Fad(k), FbI(K), £c(k)),where 5 ; = { Vi e ST abes
random constant.

Proof.
Supposed that F(z,y)are expressed parametric polynomials:
x(s,1)
P(s,t) = | wy(s,t)
z(s,1)

then frequency spectrum of function F(z,y) is A\; ; = fol fol P(s,t)Ur,;Us jdsdt
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F(xz + a,y+b) £ ¢ are expressed parametric polynomials:

, x,(s, t) z(s,t) +a
P(s,t)=| y(s,t) | = wlst)+D
z,(s,t) z(s,t) F ¢)
So A = [o [3 P'(s,)Ur:Un jdsdt=\i ; + (Fadi j, Fbo ;, Fedi ;)

[0, i#£0 or j#O0 .
where 0; ; = { 1, i=0 and j=0 a,b,c is random constant.

Corollary 5.4. If frequency spectrum of function F(z,y) is X\ j,4,7 =0,1,2,..,n
then frequency spectrum of function F(x—a,y—a)+a should be \; ;j+(ad(k), bd(k),

o _J 0, i#£0 or j#O
cd(k)), where &; ; = 1 020 and j=0
say, frequency spectrum of function F(x—a,y—a)+a is \; j+a(i =0 and j =0)
ori#0 or j#0).

Theorem 5.5 (Inverse Ratio Theorem). If frequency spectrum of function F(z,y) is
Xij 1,7 =0,1,2,...,n, then frequency spectrum of function K1F (Kox, K3y) should
be (Kiz()\l)m, y2e8 ()\ )y,Kl()\ ).). where K1, Ko, K3 is random constant.

a 18 random constant. That is to

Proof.
Supposed that F(z,y)are expressed parametric polynomials:
x(s,1)
P(s,t) = | wy(s,t)
z(s,1)

then frequency spectrum of function F(x,y) is A; j fo fo (s,t)Uy Uy jdsdt
K, F(Kyz, Ksx) are expressed parametric polynomials:

, x:(s,t) ;2 x(s,1)
P (s,t) = y (s,t) = }%39(5775)
7 (s,t) Ki2(s,t)

So Xy = Ji fo P'(s,t)UsUs jdsdt=(7- ~(M)as 7 (Ni)ys K1(X)2), where K1, Ko,
K3 is random constant.
]

Corollary 5.6. If frequency spectrum of function F(z,y) is i j,4,7=0,1,2,..,n
then frequency spectrum of function %(Kx, Ky) should be %)‘i,j: where K is ran-
dom constant.
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6. The Properties of Frequency Spectrum
According to the above defined

)‘iJ = / / P(S,t)U17iU17jd8dt, i7j = 0, 1,2, ceey 15.
0 Jo

have the following properties. (See FIGURE 8).
Here, we only give the proof of translation transform. The others are similar.

Theorem 6.1. if P'(s,t) = P(s,t)+ Py then X, ;= Nijj + Podij, where

s _ [0 i#A0 or j#0 7
11, i=0 and j=0

Proof.
if P'(s,t) = P(s,t) + Py then

)‘;J = / / (P(s,t) + Po)Uy Uy jdsdt

o Jo
1 el 1 .1

/ / (P(s7t)U1,iU1,jd5dt+/ / POUl,iUl,dedt

o Jo o Jo

= Aij + Fodi
o _J 0, i#0 or j#0
Where&,J—{l7 i=0 and j=0 0

Theorem 6.2. Energy is invariant in rotation for the same geometric modeling.

Proof.
Supposed geometric modeling rotated by 6 circled coordinates axes z, then
T = xcos@ ysm@,y, = ycos@—l—xsin@ Z =z,
fo fo (s,t)cosf —y(s,t)sinO)U, ZULstdt

= cosﬁfo fo s,t) Uy ;Uy jdsdt — sm9f0 fo s,t)Uy Uy jdsdt

= (cos@)({ ii)z (51119)( ig)y-
The same as, (A; ;)y = (cos0)(Ai j)y — (sin0) (N ;)z-

So (()‘;,j)w)z + (()‘;,j)y)z = (()‘i,j)w)z + (()‘iu’)y)z-

That is, E = E.
Experimental results see FIGURE 5. (]

In order to make the frequency satisfy the invariance in rotation, translation,
scale transforms, it can be defined normalized frequency as following:

NF;; = ”)" Jllll 0 # 0 or j # 0. Especially, when ¢ = 0,5 = 0, we call Ao as

“DC” term.
Next, we prove the invariance in rotation, translation, scale transform.

Theorem 6.3. Normalized frequency is invariant in rotation, translation, scale
transforms for the same geometric modeling.
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Proof.
Let )\;J be obtained fromJ; ;, A; jtranslated by P, and scaled by . The cor-

responding )\,
fo fo t) + Po)U1 Uy jdsdt
=, fo Uy U ydsdt + [ [} PoUn Uy jdsd]

)
0, i#£0 or j#0
=~(\i 7J+P0 j); where 5w—{ 1, i=0 and j=0

F I ]l
So N P = gl = NF .
Fij ||,\’1y1|| [A1,1]] bJ

that is, normalized frequency is invariant in translation, scale transform.
Similarly, it is easily proved that normalized frequency is invariant in rotation
transform. O

Accordingly, the “normalized energy” of P(s,t) is defined as following:

ZZ (NF2))2,i#0 or j#0.
=0 5=0
It is obvious that normalized energy satisfies the invariance in rotation, trans-
lation, scale transforms. So we obtain the theorem as following:

Theorem 6.4. Normalized energy is invariant in rotation, translation, scale trans-
forms for the same geometric modeling.

7. Experimental Examples

For analysis and theorem the above, we have done lots of experiments to verify
them. The experiment indicates that U-system is a new method for signal analyzing

+ % S

Curve 1 Curve 2 Curve 3 Curve 4
Spectrurn of curve 1 Specttum of curve 2 Spectrurm of e Specttun of curve 4
18.1621 14.0569 24.0676 14.6603
Energy of curve 1 Energy of curve 2 Energy of curve 3 Energy of curve 4

FIGURE 2. Spectral Analysis of Curves
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Surface 1 Surface 2 Surface 3 Swrface 4

' / : |
| |
- X —
. .
Spectrum of swrface 1 Spectrum of surface 2 Spectrum of surface 3 Spectrum of surface 4

2.2312 3.6889 2.6360 2.5257

Energy of surface 1 FEnergy of surface X Energy of swface 3 Energy of suwfaced
FIGURE 3. Spectral Analysis of Surfaces

and interesting exploring for analyzing frequency spectrum for geometric modeling.
In this section, we will give some experimental results.

Experiment 1: In this experiment, frequencies spectrum of curves are denoted
as vectors (Mg, A,). We give the results of frequency and energy analysis of some
curves by using three-degree U-system (See FIGURE 2). Using these spectrums,

> 3 A A

Chinese characters Fish Character Tool
)

{0Y

22 3 A J"\]‘
) y o\ AR (A

> r IEAR 1

T X f } 1\\ [l rJ.

Q ’ y L > > L")

Citline of Chinese characters Cutline of fish Cutline of character Cutline of tool

v

Spectrum of Chinese characters Spectrum of fish Spectnum of character  Spectrum of tool
129.2613 90.7007 85.3429 113.0828

Energy of Chinese characters  Energy of fish Energy of character Energy of tool

FIGURE 4. Spectral Analysis of Modeling
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Translation Translation Zcale Scale

lniial Bon | By | TETV | w009 | a=02)

cues WHMOOB WM@% WAALO0S WMM)B WMMB WMMB
o :/ /// % // : / / |

Energy 76 3464 101.0656 50,5451 220.0303 6.8712 15.2603
Mormalized
Frequency / / o/ [ S/ /
e i = = e e
Mormalized 31222 3.1222 31222 3.1222 31222 3.1222
Energy
Rotation Raotation Raotation Rotation Reflection
Initial

@=mid) | @=mi2) | @=-mid) | (9=-mins | @=m

e | WMIE B2 | 22| AW

Frequency / / \\‘::\\ \ X\Q /f

2
A i ~. .

Energy 76 3464 76 3464 76.3464 76,3464 76.3464 76.3404
MNormalized ] / / / /
Fremquenc o v R . S = . S S

T e ke ke & & i
MNortralized 31222 31222 31222 31222 3.1222 31222
Energy

FIGURE 5. Normalized Frequency Analysis of Curves in U-system

we can exactly reconstruct these curves. However, the other orthogonal functions
system, such as Fourier system, Legendre system and Chebyshev system, cannot
completely reconstruct these curves by using finite items.

Experiment 2: In this experiment, frequencies spectrum of surfaces are de-
noted as vectors (Agz, Ay, A.). We give the results of frequency and energy analysis
of some surfaces by using three-degree U-system (See FIGURE 3). Using these
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spectrums, we can exactly reconstruct these surfaces. However, the other orthog-
onal functions system, such as Fourier system, Legendre system and Chebyshev
system, cannot completely reconstruct these surfaces by using finite items.

Translation Translation Scale Scale

Inital Bon | Beoay |G qo00) | @=02)

oo | W] ™ s | AR | AR
SN (X

-

Fregquency 2

il

_.—/
rg e
/

3 \ E
j =

Y \

Energy 18.4158 24,5705 14,7281 54,5032 1.9652 3.0678
MNortnalized |' /
Frequency X { .,
Mormmalized
Frequency ¥ | G _— - - | [ — \
MNormalized 2.0586 1.7859 24283 20586 20586 2.0586

Energy

FIGURE 6. Normalized Frequency Analysis of Curves in Fourier System

Experiment 3: In this experiment, frequencies spectrum of geometric model-
ing are denoted as vectors (A;, A,). We give the results of frequency and energy
analysis of geometric modeling by using one-degree U-system (See FIGURE 4).
Using these spectrums, we can exactly reconstruct these outlines of geometric
modeling.However, the other orthogonal functions system, such as Fourier system,
Legendre system and Chebyshev system, cannot completely reconstruct these out-
lines by using finite items.

Experiment 4: FIGURE 5. lists the results of normalized frequency analysis of
curves by using three-degree U-system. In FIGURE 5, curves are denoted as vectors
(Az, Ay). Some results about “frequency and normalized frequency” and “energy
and normalized energy” of group of geometric graphics are shown in FIGURE
5. FIGURE 5 indicates normalized frequency and normalized energy for the same
geometric modeling are invariant in geometric transform, such as translation, scale
and rotation.
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Translation Translation Geale Seale
iti Scal =3
Initial aoen | Beoap |TFE= gm0 | @=02)
WAALOS
o WARLOOS WAL
Fregquency 2 N, *
\ ’
Frequency ¥ \-, 3 \'\ \
. *:::/ g I\‘.I
Energy 18.4158 24,5705 14,7281
MNormalized |/
Frequency X , . "
Normalized
Frequency ¥ i . .
Normalized 1.7859 24283
Energy

F1GURE 7. Normalized Frequency Analysis of Curves in Fourier System

The curves or surfaces Frequency

1rl
Ay = L jﬂ Pls, 00U (), (£)dsdlt

Geometric Transform

Identical Transform

Fls,£)

Translation - . .
= , 01# 0,ar,j=0
Plsf)= P+ 5 Hig = Ay + Bybywhere 8, = i O.er J.
i i i li=0,and,i=0
Scal \ \
e P (5.6) = aPls, 1) A = aly
Rotation

[Pl 1=[Fs.87 07 (A 11=TTA 1]

FI1GURE 8. Frequency Spectrum Properties of Curves and Sur-
faces in the U-system

Experiment 5: FIGURE 6,7. lists the results of normalized frequency analysis
of curves by using Fourier system. FIGURE 6,7, curves are denoted as vectors
(Az, Ay) . Some results about “frequency and normalized frequency” and “energy
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Initial Feconstructive curves using Fourier coefficient | Feconstructive curves using 3-degree U system
geometric
modeling

s /}" & Z

-'-/»;/; ,-"' =

P /

l'l |lI IH' .'||||.|[ N J - WAAlDUB

' +

FI1GURE 9. Comparing Fourier Transform with U system

and normalized energy” of geometric modeling in the Fourier system are shown in
FIGURE 6,7. FIGURE 6,7 indicates normalized frequency and normalized energy
for the same geometric modeling in the Fourier system are not all invariant in
geometric transform, such as translation, scale and rotation.

FIGURE 5,6,7 indicate that using U-system with finite items, we can obtain
an exact expression of geometric modeling. So it is more suitable for analysis of
frequency spectrum for geometric modeling than Fourier system.

FIGURE 8. Frequency spectrum properties of curves and surfaces in the U-
system.

FIGURE 9. Comparing Fourier transform with U system.

8. Conclusions and Future Work

From analysis the above, it can be concluded that, because of the strong continuity
of Fourier system and Legendre system and Chebyshev system, they cannot exactly
express common geometric modeling by using finite items, such as the phenomena
of Gibbs (See FIGURE 9). So they are not suitable for analysis of frequency
spectrum for geometric modeling of digital geometry [15][16]. Moreover, because
of the strong discontinuity of Walsh and Harr systems, they cannot be used as
a tool for those applications. However, using U-system with finite items, it can
be realized exact expression of geometric modeling. According to the expression,
we use frequency spectrum to calculate their “energy”. So U-system is suitable
for analysis of frequency spectrum for geometric modeling .In theory, we have
proved that normalized frequency and normalized energy for the same geometric
modeling are invariant in geometric transforms, such as rotation, translation, scale
transforms. We also give some experimental results to support our conclusion.

In the theories and applications of communication and signal processing, U-
system is the basic and important math tool. So, In future, we will further explore
the properties of frequency spectrum of geometric modeling and applications in
the field such as pattern recognition and digital signal processing.
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Detection of Spindles in Sleep EEGs
Using a Novel Algorithm Based
on the Hilbert-Huang Transform

Zhihua Yang, Lihua Yang and Dongxu Qi

Abstract. A novel approach for detecting spindles from sleep EEGs (elec-
troencephalograph) automatically is presented in this paper. Empirical mode
decomposition (EMD) is employed to decompose a sleep EEG, which are usu-
ally typical nonlinear and non-stationary data, into a finite number of intrin-
sic mode functions (IMF). Based on these IMFs, the Hilbert spectrum of the
EEG can be calculated easily and provides a high resolution time-frequency
presentation. An algorithm is developed to detect spindles from a sleep EEG
accurately, experiments of which show encouraging detection results.

Mathematics Subject Classification (2000). Primary 94A13; Secondary 42A16.

Keywords. Empirical mode decomposition, Hilbert-Huang transform, signal
detection.

1. Introduction

Sleep is a complicated physiological process. Research on sleep is very important to
both clinical diagnosis and curative effect evaluation in nervous psychiatry. Gen-
erally, sleep consists of two phases: no-rapid eye movement (NREM) and rapid eye
movement(REM). The NREM phase can be decomposed into 4 stages according
to sleep depths [6]. A crucial clue for the sleep depth to be at the second or the
third stages is that the sleep-spindles, whose frequencies are between 12 and 20Hz,
take place in the EEG (electroencephalo-graph) [7].

Traditionally, sleep-spindles are detected visually by neurologists or sleep
experts. Research on automated sleep analysis can be traced back to as early as the
1970s [12, 13,9, 11, 2, 8, 10, 5]. In recent years, two novel algorithms for automated

This work was supported by NSFC (Nos. 60475042, 60133020), the National Key Basic Research
Project of China (No.2004CB318000) and the Scientific and Technological Planning Project of
Guangzhou city.
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detection of spindles in sleep EEG were developed by using classical time-frequency
analysis [7, 3]. Since EEGs are typically nonlinear and non-stationary signals and
the duration of a sleep-spindle is usually very short, it is usually difficult to obtain
satisfactory results in automated detection of sleep-spindles by using traditional
time-frequency analysis.

Recently, a novel analysis method for nonlinear and non-stationary data,
which is called Hilbert-Huang Transform (HHT), was developed [4]. Its key part is
the so-called empirical mode decomposition (EMD), with which any complicated
data set can be decomposed into a finite and often small number of intrinsic mode
function(IMF) that admit well-behaved Hilbert transforms. EMD is adaptive, and
therefore, highly efficient. It is based on the local characteristic time scale of the
data and is applicable to nonlinear and non-stationary processes. With the Hilbert
transform, the IMF's yield instantaneous frequencies as functions of time that give
sharp identifications of embeded structures. The final presentation of the results is
a time-frequency-energy distribution, designated as the Hilbert spectrum, which
has high time-frequency localization.

Because of these properties, in this paper, HHT is employed to analyze sleep
EEGs and an algorithm to detect spindles from sleep EEGs automatically is devel-
oped. Experiments show an encouraging detection rate which is higher than those
developed in [7, 3].

This paper is organized as follows: Section 2 is a brief summary on the Hilbert-
Huang Transform; Analysis of EEG data based on HHT is given in Section 3; In
Section 4, a novel algorithm for automated detection of sleep-spindles is proposed.
Experiments to support the algorithm are conducted and the anti-noise ability is
discussed in Section 5; Finally, Section 6 is the conclusion of this paper.

2. Hilbert-Huang Transform

The Hilbert-Huang Transform (HHT) was proposed by Huang et al [4]. It consists
of two parts: (1) Empirical Mode Decomposition (EMD), and (2) Hilbert Spectral
Analysis. With EMD, any complicated data set can be decomposed into a finite
and often small number of intrinsic mode functions (IMF). An IMF is defined as
a function satisfying the following conditions:

(a) The number of extrema and the number of zero-crossings must either be equal
or differ at most by one;

(b) At any point, the mean value of the envelope defined by the local maxima and
the envelope defined by the local minima is zero.

An IMF defined as above admits well-behaved Hilbert transforms. EMD decom-
poses signals adaptively and is applicable to nonlinear and non-stationary data
(Fundamental theory on nonlinear time series can be found in [1]). In this section,
a brief introduction is given to make this paper somewhat self-contained. The
readers are referred to [4] for details.
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For an arbitrary function X (¢) in Ly-class [14], its Hilbert transform Y'(¢) is
defined as v
1 < X(t)
Y(t)==P ——dt 2.1
( ) T s t _ tl ’ ( )
where P indicates the Cauchy principal value. Consequently an analytic signal
Z(t) can be produced by
Z(t) = X(t) +iY (t) = a(t)e? D, (2.2)
where
Y(t
a(t) = [X2(t) + Y2(8)]7, 6(t) = arctan(XEt;) (2.3)
are the instantaneous amplitude and the phase of X (t). Since the Hilbert transform
Y (¢) is defined as the convolution of X (¢) and 1/¢ by Eq. (2.1), it emphasizes the
local properties of X (t) even though the transform is global. In Eq. (2.2), the polar
coordinate expression further clarifies the local nature of this representation. With
Eq. (2.2), the instantaneous frequency of X (t) is defined as
do(t)
)= ——.
However, there is still considerable controversy on this definition. A detailed dis-
cussion and justification can be found in [4].

EMD is a necessary pre-processing of the data before the Hilbert transform is
applied. It reduces the data into a collection of IMFs and each of them represents
a simple oscillatory mode that is a counterpart of a simple harmonic function,
but is much more general. With this definition, one can decompose any function
according to the following algorithm.

(2.4)

Algorithm 2.1. Let X (t) be a signal.

Step 1 Initialize: 7o (t) = X(t), i = 1;
Step 2 Extract the i-th IMF as follows:

(a) Initialize: ho(t) = ri—1(t), 5 = 1;

(b) Extract the local minima and maxima of h;_1(¢);

(c) Interpolate the local maxima and the local minima by cubic splines to
form w;_1(¢t) and l;_1(¢) as the upper and lower envelops of h;_1(¢)
respectively;

(d) Calculate m;_1(t) = M as an approximation of the local
mean of h;_1(t) at t;

(e) Let hj(t) = hj—1(t) — m;—1(t);

(f) If the stopping criterion is satisfied, i.e., h;(t) is an IMF, set imf;(¢) =
h;(t); Else go to (b) with j = j + 1.

Step 3 Let r;(t) = r;—1(t) — imf;(¢);
Step 4 If r;(¢) still has at least 2 extrema, go to Step 2 with ¢ = ¢ + 1; otherwise
the decomposition is finished and r;(¢) is the residue.
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By Algorithm 2.1, any signal X(¢) can be decomposed into finite IMFs,
imf;(¢t) (j = 1,---,n), and a residue r(t), where n is nonnegative integer de-
pending on X (¢), i.e.,

X(t) =) imf;(t) +r(t). (2.5)
j=1

For each imf;(¢), let X;(¢t) = imf;(¢). Its corresponding instantaneous amplitude
a;(t) and instantaneous frequency w;(t) can be computed with Egs. (2.3) and
(2.4). By Egs. (2.2) and (2.4), imf;(¢) can be expressed as the real part, Re, in the
following form:

imf; () = Re [aj(t) exp (i/wj (t)dt)] . (2.6)
Therefore, by Egs. (2.5) and (2.6), X (¢) can be expressed as the IMF:

X(t) = Reilaj(t) exp (i/wj(t)dt> + 7(t). (2.7)

It is interesting to compare the representation above with the following clas-
sical Fourier expansion:

X(t) = Zajei”jt, (2.8)
j=1

where both a; and w; are constants. Contrasting Eq. (2.7) with Eq. (2.8), it is ap-
parent that the IMF expansion provides a generalized Fourier expansion. It relieves
the restriction of the constant amplitude and fixed frequency of Fourier expansion,
and arrives at a variable amplitude and frequency representation. With the IMF
expansion, the amplitude and frequency modulations are clearly separated. Its
main advantage over Fourier expansion is that it accommodates nonlinear and
non-stationary data perfectly.

Equation (2.7) enables us to represent the amplitude and the instantaneous
frequency as functions of time in a three-dimensional plot, in which the ampli-
tude is contoured on the time-frequency plane. The time-frequency distribution
of amplitude is designated as the Hilbert amplitude spectrum or simply Hilbert
spectrum, denoted by H(w,t). It can also be defined equivalently in mathematics
as follows: Let X (¢) be decomposed into finite IMFs imf;(¢) (j =1,---,n) and a
residue r(¢) by Algorithm 2.1, then,

0 if J,+ is an empty set,

2.9
Zjejwyta/j(t), otherwise, (2.9)

H(w,t) = {
where J,,; = {j|0 < j < n satisfying w;(t) = w}.

H(w,t) gives a time-frequency-amplitude distribution of a signal X(t). If
amplitude squared is more desirable commonly to represent energy density, then
the squared values of amplitude can be substituted to produce the Hilbert energy
spectrum.
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3. HHT for EEG Data

To observe the performance of the HHT for EEG data, a 6 second segment, denoted
by X(t), is selected from a sleep EEG which is sampled when the sleep is at the
2nd stage of a NREM phase. It contains two sleep-spindles, marked by ‘A’ and
‘B’ respectively, as shown in Fig.1. With Algorithm 2.1, it is decomposed into
seven IMFs and a residue, which are shown in Fig. 2(c1) ~ (c8) respectively from
top to bottom. From Fig.2(c2), it is easy to see that there are two sub-segments
of high amplitude in the periods from about 20 to 160 and from about 750 to
1050 respectively, whose frequencies are around 13Hz (the first consists of about 9
waves within 0.7s(140 points) and the second consists of 18 waves within 1.5s(300
points)). Such a sub-segment whose amplitude is high and frequency is between
12 ~ 20Hz is a possible spindle wave we want to detect, which is called a PSW
for simplicity. Based on the analysis of this example, it seems possible to detect
sleep-spindles based on features in some of the IMFs, such as the second one
shown in Fig.2(c2). To examine the observation, let us consider another example
as shown in Fig.3. It is also a sleep EEG segment of 6 seconds, in which only
one sleep-spindle, marked by ‘A’; is included. Similarly, with Algorithm 2.1, it
is decomposed into seven IMFs and a residue, which are shown in Fig. 4(cl) ~
(c8) respectively from top to bottom. It is observed that the second IMF does
not contain PSWs. However, in the third IMF as shown in Fig.4(c3), there is a
PSW starting at about the 800 and ending at the 1000 (corresponding the part
marked by 'A’ in Fig.3). By conducting more experiments like Fig.2 and Fig.4, we
conclude that, for a sleep EEG segment which contains spindles, in general, one
cannot determine in which IMF the interesting sub-segments may appear. In fact,
a spindle consists of a number of oscillatory modes which are the same or similar
in local characteristic time scale (an oscillatory mode is a wave between a pair of
successive maxima or a pair of successive minima [4]), when a EEG segment is
decomposed by EMD, these oscillatory modes may be dispersed to different IMF's.
Therefore, the PSWs cannot be detected based on some IMFs and consequently

EEG Ampltude
o
@

) 200 200 800 1000 1200

600
Time Sample (fs=200Hz)

F1GURE 1. A sleep EEG segment of 6 seconds at the second sleep
stage, in which two sleep-spindles are included as marked by ‘A’
and ‘B’ respectively.
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FIGURE 2. The resulting EMD components from the EEG data
of Fig. 1. The last component, ¢8, is not an IMF, it is the residue.
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FI1GURE 3. A sleep EEG segment of 6 seconds long at the second
sleep stage, in which a sleep-spindle is included as marked by ‘A’.

the Hilbert spectrum, which is the global time-frequency-energy distribution, is
considered as a natural substitution for the detection of sleep-spindles from EEGs.

Since IMFs have good time-frequency resolution as described in Section 2
(see [4]), one can predict that, in the Hilbert spectrum of a sleep EEG segment,
high energies will take place within its PSWs. This prediction is verified by the
graphs of the Hilbert spectrum of the sleep EEG segments: Fig. 5 and Fig. 6 are
respectively the contour maps of the Hilbert spectrums of the sleep EEG segments
shown in Fig. 1 and Fig. 3. In Fig. 5, one can find two high energy bands whose
frequencies are 8 ~ 20Hz or so: one starts at about 0 and ends at 200, the other
starts at about 750 and ends at 1050, as highlighted by the two rectangles in the
figure. Similarly, in Fig. 6, there is a high energy band whose frequencies are 8
~ 20Hz or so, starting at about 730 and ending at 1000, as highlighted by the
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FIGURE 4. The resulting EMD components from the EEG data
of Fig. 3. The last component, ¢8, is not an IMF, it is the residue.
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FIGURE 5. The contour map of Hilbert spectrum for the EEG
data of Fig. 1.

rectangle in Fig. 6. Therefore, the locations and durations of the sleep-spindles
can be detected from the Hilbert spectrum of sleep EEGs successfully.

4. A Novel Algorithm for Automated Detection of Sleep-Spindles

In this section, an auto-detection algorithm for sleep-spindle detection is developed
and, consequently, experiments are conducted to support the algorithm.

Based on the discussion above and the fact that the duration of a sleep-spindle
is usually longer than 0.5s in practice, a novel method for automated detection of
spindles from a EEG is developed in this section.
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FIGURE 6. The contour map of Hilbert spectrum for the EEG
data of Fig. 3.

In practice, a sleep EEG contains a large amount of data. It is terribly time-
consuming to calculate the Hilbert spectrum of a global sleep EEG signal. Exper-
iments show that the time needed for calculating the Hilbert spectrum, which is
called the CPU time hereafter for simplicity, does not depend linearly on the data
length of the signal. When the length of data is longer than 1500 or so, the CPU
time needed increases rapidly. The five dotted curves in Fig. 7 illustrates how the
CPU times depend on the datum lengths for five signals of 2000 random data rang-
ing from 0 to 1, when a PC of Pentium IV-1.7GHz is used. It should be pointed
out that the graph changes somewhat if the signals is replaced by another signal.

90
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FiGUurE 7. CPU time as a function of the length of the data set

The solid curve in Fig. 7 is the average of the five dotted curves, which illustrates
how the CPU time depends on the datum length in the rough. Thus, to save CPU
time, a global EEG signal should be divided into many short segments. The length
of the short segments should be as long as possible to keep enough integrality of
data if the CPU time is acceptable. According to Fig. 7, it is a reasonable tradeoff
to divide the global EEG signal into segments of 1200 ~ 1600 data (about 6 ~ 8
seconds for frequency of sampling = 200Hz). In our experiments, the global sleep
EEG is divided into segments of 1200 data points. The corresponding time for
each segment is about 6 seconds.
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After a sleep EEG is divided as before, we decompose each segement with
EMD into IMFs. Since the first IMF usually consists of the highest frequency
components of the segment, such as noise (see Fig. 2(cl) and Fig. 4(cl)), it is
discarded in our algorithm. For each segment, the sleep-spindles are detected by
the following algorithm.

Algorithm 4.1. Let x(t) be a segment of data of length 1200. The sleep-spindles
are detected as follows:

Step 1 Decompose z(t) with EMD into IMFs, then remove the first IMF. For
each other IMF, calculate its instantaneous frequency and instantaneous
amplitude by Egs. (2.4) and (2.3). Quantify the instantaneous frequency
into integers between 1 and 100Hz.

Step 2 Compute the Hilbert spectrum H (w,t); here it is a matrix of 100 rows and
1200 columns. Then normalize the amplitude of H(w,t) linearly such that
the values of H(w,t) range from 0 to 255.

Step 3 Extract the 8th to 20th rows of H(w,t) to form a sub-matrix, denoted by
M, of 13 rows and 1200 columuns.

Step 4 Calculate the maximum of each column of M to generate an array, C' =

(C[1], ---,C[1200]). It is an energy measure of the data on frequencies
ranging from 8 ~ 20Hz at each local time. Then, define a smoothed version
of C as:
| kL2
Cl[k] = z . Z CM)
i=k—L/2

where L, an even integer, is the width of the smoothing window (L = 50
in the experiments of this paper) and the boundary extension is conducted
as: Cli] = C[1] for ¢ <0 and C[i] = C[1200] for ¢ > 1200.

Step 5 Let T be a threshold. Then, we search 1 < k < 1100 and I > 100 such that

Cilk+i—1]>Tfori=1,2,---,1,

and
Cilk+ 1] < T or k+1I=1200.

Then a sleep-spindle that starts at £ and has duration I is detected. We
set T'= 50 in the experiments of this paper.

5. Experiments

In this section, experiments are conducted to support our algorithm on sleep-
spindle detection.

For the segment of a sleep EEG shown in Fig. 1, according to Steps 1 and 2
of Algorithm 4.1, its IMFs and Hilbert spectrum H (w,t) are calculated as shown
in Figs. 2 and 5 respectively. By Step 3 of Algorithm 4.1, the sub-matrix M of the
8th to 20th rows of H(w,t) is generated as shown in Fig. 8. Then the energy array
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C of M and the smoothed version, C1, are calculated in accordance with Step 4
of Algorithm 4.1, which are shown in Fig. 9: the top is C' and the bottom is Cj.
Finally, by Step 5, two spindles of a sleep EEG are detected in this segment as
shown in Fig. 10, in which the starting points, the durations, and the end points
are marked by the dotted lines. The first starts at about the 20th datum (namely:
the 0.1th second) with a duration of about 0.8s and the second starts at about the
750th datum (namely: the 3.75th second) with a duration of about 1.5s.

@
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FiGURE 8. The sub-matrix M generated by the 8th — 20th rows
of the Hilbert spectrum H(w,t) shown in Fig. 5
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FI1GURE 9. The top: The energy array of M shown in Fig. 8, C,
each of whose component is the maximum of the elements in the
corresponding column of M. The bottom: The smoothed version
C; of C calculated according to Step 4 of Algorithm 4.1.

Similarly, Figs. 4 and 6 are the IMFs and the contour map of the Hilbert
spectrum H (w, t) of the segment shown in Fig. 3 in accordance with Steps 1 and 2
of Algorithm 4.1. The corresponding sub-matrix M calculated by Step 3 are shown
in Fig. 11. Then, the energy array C' of M and the smoothed version, C1, calculated
by Step 4, are displayed graphically in Fig. 12: the top is C' and the bottom is Cj.
Fig. 13 is the detection result by Step 5, in which a sleep-spindle is detected and
marked with dotted lines. It starts at about the 750th datum (namely: the 3.75th
second) with a duration of about 1.25s.
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F1GURE 10. The detection result for the segment in Fig. 1. Two
sleep-spindles are detected and marked with dotted lines. The first
starts at about the 20th datum (namely: the 0.1th second) with
a duration of about 0.8s and the second starts at about the 750th
datum (namely: the 3.75th second) with a duration of about 1.5s.
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FIGURE 11. The sub-matrix M generated by the 8th — 20th rows
of the Hilbert spectrum H(w,t) shown in Fig. 6

To test our detection algorithm, 100 segments, each of which consists of
1200 data (about 6 seconds with frequency of sampling 200Hz) and all of which
contain 183 spindles, are selected from a sleep EEG database. The locations and
durations of these sleep-spindles have been determined visually by experts. For
an automated detection algorithm, its detection accuracy depends on two aspects:
(1) the accuracy of the location detected and (2) the accuracy of the duration
detected. To estimate them quantitatively, a mis-detection degree is introduced as
follows.

Definition 5.1. Let X(t) be a sleep EEG segment which contains a sleep-spindle

starting at ¢, and ending at t.. For an automated detection method for sleep-

spindles, the mis-detection degree, simply denoted by MD, is defined as follows:
1. if one sleep spindle is detected from X(t), with starting point ¢; and end point

t., then
Ly — L
L )

where, Ly = max(t,t,) — min(ty, t,), Ln = min(t.,t,) — max(ty,t,) and
L =t. —t, as shown in Fig. 14.

2. if no spindle or more than one spindle is/are detected, then M D = occ.

MD = (5.1)
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FIGURE 12. The top: The energy array of M, shown at the bot-
tom of Fig. 11, denoted by C, each of whose component is the
maximum of the elements in the corresponding column of M.
The bottom: The smoothed version C; of C' calculated according
to Step 4 of Algorithm 4.1.
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F1GURE 13. The detection result for the segment in Fig. 3. A
sleep-spindle is detected and marked with dotted lines, which
starts at about the 750th datum (namely: the 3.75th second) with
a duration of about 1.25s.

It is easy to see that MD is a nonnegative number and MD=0 if and only if the
sleep-spindle is detected accurately, and the smaller MD is, the more accurately the
detection does. Table 1 lists the distribution of the MDs produced by Algorithm
4.1 for all the 183 samples and the corresponding histogram is displayed in Fig.
15, in which all the MDs greater than 1 is included into that of MD=1.1. It is
encouraging to see that most of the MDs are between 0 and 0.2, which shows
that our algorithm arrives at satisfying detection results in both locations and
durations.

Let us compare our technique with those in [3, 7]. The same dataset is em-
ployed to conduct the experiments. The distributions of the corresponding MDs
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TABLE 1. The distribution of the MDs produced by Algorithm

4.1, NS is the number of spindles whose MDs are within the given
interval.

MD]| © 0.1 0.2 0.3 0.4 0.5 0.6 0.7 08 109 [
~01 | ~02 | ~03 | ~04 | ~05 | ~06 ] ~07 | ~08 | ~09 | ~1
NS | 1101 | 443 | 86 o1 43 25 17 7 3 3 o1

F1GURE 15. The histogram of the MDs corresponding to Table 1

calculated according to the algorithms in [7] and [3] are listed in the 3th and 4th
rows of Table 2 respectively. To compare more conveniently, the distribution of the
MDs by our algorithm is also listed in the 2nd row of Table 2. The corresponding
histogram is shown in Fig. 16, in which all the MDs greater than 1 is included
into that of MD=1.1. It is noticed that the MDs produced by our algorithm
concentrate much closer to 0 than those by [3] and [7], which implies that our
detection does better than theirs. To describe the detection result quantitatively,
we define the detection rate as the ratio of the number of MDs which are less than
some given threshold, T, to the total number of spindles. With this definition and
T = 0.2,0.5 and 1 respectively, the detection rates according to Algorithm 4.1, the
algorithms in [7] and [3] are listed in Table 3.

Before the end of this section, let us discuss the detection of spindles from
noisy sleep EEGs by Algorithm 4.1. It is easy to understand that Algorithm 4.1
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TABLE 2. The distributions of the MDs calculated according to
Algorithm 4.1, the algorithms in [7] and [3]. NS; are the numbers
of spindles whose MDs are within the given intervals, with j=1, 2,
and 3 corresponding to Algorithm 4.1, the algorithms in [7] and
in [3] respectively.
MD | o T [ [0 [ [ e [ [ 50
NS; | 1101 | 443 | 86 51 43 25 17 7 3 3 51
NS2 | 893 | 466 | 164 | 88 42 23 12 9 11 9 | 113
NSs | 752 | 367 | 231 | 97 44 48 26 12 10 13 | 230

can do well for noisy sleep EEG signals since the frequencies of sleep spindles,
about 13Hz, are usually much lower than those of noise. Another reason for this
anti-noise ability is that the first IMF has no contribution to the Hilbert spectrum.
To demonstrate our view, a great number of experiments have been conducted and
excellent results are obtained. Fig. 17 are three noisy versions of Fig. 3 by adding
Gaussian white noises with SNR (Signal Noise Ratio, which is defined as the ratio
of signal variance to noise variance in dB.) 20dB, 25dB and 30dB respectively from
top to bottom. The detection results are shown in Fig. 18, corresponding to those
in Fig. 17 from top to bottom. It is easy to see that, spindles can be detected
successfully with a minor change in the locations and durations even though the

FIGURE 16. The histogram of the MDs corresponding to Table 2

TABLE 3. The detection rates corresponding to Algorithm 4.1,

07

08 09 10

I NS

the algorithms in [7] and [3] for T'=0.2,0.5 and 1

Detection rate | T =02 |T=05|T=1
Algorithm 4.1 | 84.4% | 94.2% | 97.2%
Algorithm in [7] | 74.3% | 90.3% | 93.8%
Algorithm in [3] | 61.1% | 81.5% | 87.4%

SNRs are very low.
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FIGURE 17. Three noisy versions of Fig. 3 by adding Gaussian
white noises with SNR 20, 25 and 30 respectively from top to
bottom.

6. Conclusion

In this paper, a novel approach for detecting spindles automatically from a sleep
EEG based on the Hilbert-Huang transform is developed. Empirical mode de-
composition is employed to decompose sleep EEGs into a finite and often small
number of intrinsic mode functions. Then the Hilbert spectrum H (w, t) is used to
give a high resolution time-frequency presentation and extract features of EEGs.
Consequently, an algorithm is proposed to detect spindles automatically from a
sleep EEG. Experiments show more accurate detection results than those in [7, 3].
Finally, the anti-noise ability of the algorithm is demonstrated theoretically and
experimentally.
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FI1GURE 18. The detection results of Fig. 17 correspondingly from
top to bottom by Algorithm 4.1
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A Wavelet-Domain Hidden Markov Tree Model
with Localized Parameters for Image Denoising

Minghui Yang, Zhiyun Xiao and Silong Peng

Abstract. Wavelet-domain hidden Markov tree models have been popularly
used in many fields. The hidden Markov Tree (HMT) model provides a natural
framework for exploiting the statistics of the wavelet coefficients. However,
the training process of the model parameters is computationally expensive.
In this paper, we propose a HMT model with localized parameters which
has a fast parameter estimation algorithm with no complex training process.
Firstly, Wold decomposition is used to reduce the influence on the estimation
of image noise variance due to texture. Secondly, coefficients in each subband
are classified into two classes based on spatially adaptive thresholds. Thirdly,
parameters of different class are estimated using the local statistics. Finally,
the posterior state probability is estimated with an up-down step like the
traditional HMT model. We apply this model to image denoising and compare
it with other models for several test images to demonstrate its competitive
performance.

Mathematics Subject Classification (2000). Primary 42C40; Secondary 94A08.

Keywords. Hidden Markov tree, wavelet transform, wold decomposition.

1. Introduction

In recent years, wavelet transform has become a popular tool for statistical sig-
nal processing, since it has many attractive properties, such as locality, multi-
resolution and compression. In many algorithms, wavelet coefficients have been
modeled either as jointly Gaussian, or as non-Gaussian but independent. Jointly
Gaussian models can capture the correlations between wavelet coefficients, but
they are in conflict with the compression characteristic of wavelet transform. Non-
Gaussian models assume the coefficients are statistical independent. However, the
wavelet transform cannot completely decorrelate real-world signals, so that the
assumption that the coefficients are independent is unrealistic.

This work was supported by National Natural Science Fund of China with No.60272042.
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Sendur et al. [1] considered the dependencies between the wavelet coefficients
and their parents. For this purpose, some non-Gaussian bivariate distributions were
proposed and corresponding nonlinear shrinkage functions were derived from the
models using Bayesian estimation theory. The performance can also be improved
by estimating simple bivariate model in a local neighborhood [2].

Crouse et al. [3] proposed a hidden Markov tree as a statistical model for
such properties of wavelet coefficients. This model first introduced the hidden
state variables to match wavelet coefficients, then used Markovian dependencies
between the hidden state variables to characterize the dependencies between the
wavelet coefficients. For estimating the model parameters, an iterative Expectation
Maximization (EM) approach was used which assumed that all wavelet coefficients
and state variables within a common scale be identically distributed. Nevertheless,
the training process was still computationally expensive.

Romberg et al. [4] introduced a simplified HMT model which specified the
HMT parameters with just nine parameters (independent on the size of the image
and the number of wavelet scales). A class of universal parameters was obtained
by training a class of images, then these parameters were fixed and modeled a wide
range of images. This universal HMT (uHMT) model can be very simple, because
it requires no training. But the fixed parameters may be not exact for another
kind of images.

Xiao et al. [5] tried to find a fast estimation technique for the HMT model
parameters. They used adaptive thresholds to classify the wavelet coefficients into
two classes, and estimated the model parameters by computing local statistics.
This method gave better results with less run time.

We propose an image denoising algorithm for natural images. This new
method not only introduces Wold decomposition into the estimation of the noise
variance, but also improves Xiao’s method.

The paper is organized as follows: Section 2 presents the estimation of the
noise variance. In section 3, we details the improved HMT model with localized
parameters. Section 4 shows the experimental results and compares with other
algorithms. Finally, we conclude in section 5.

2. Estimation of the Noise Variance
2.1. Pervious Work

Image denoising is just to estimate the original signal f from a corrupted image g
by removing noise n . Generally, the noise is assumed to be additive white Gaussian
noise,

g=f+n (2.1)
The compression property indicates that wavelet coefficients are energy com-

pacted. Because of the orthogonal property of the wavelet transform, the noise in
wavelet-domain is identical independent distributed with small magnitude. Thus,
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small coefficients are more likely due to noise and large coefficients due to impor-
tant signal features. Therefore, by setting small wavelet coefficients to zero, one
effectively removes noise without degrading the signal.

Many wavelet thresholding methods have been discussed before. Donoho et al.
[6] described a principle for spatially adaptive method which worked by shrinkage
of the wavelet coefficients. They gave an asymptotic optimal threshold as the
universal o,,1/2log(N), where o, was the standard deviation of the additive noise.
These thresholds depended on the sample size N. As described in [7], deviding the
threshold by 2 yields a soft threshold estimator that is close to the true value.
Chang et al. [8] proposed a spatially adaptive wavelet thresholding method based
on context modeling. Each wavelet coefficients was modeled as a random variable
of a generalized Gaussian distrtibution with an unknown parameter estimated by
its context. A good approximation to the optimal threshold which minimized the
mean squared error of the soft-thresholding estimator was given as below:

Tp =02 /0, (2.2)
where 02 was the additive noise variance and o, was the localized standard devi-
ation of the signal.

The noise variance used in the threshold estimation methods is usually un-

known. People often estimate it by using the robust median estimator in the highest
subband H H1 of the wavelet transform

dn = median(|Y'[i, 5]])/0.6745 (2.3)
where Y[i, j] € subband HH]I.

2.2. Wold Decomposition Used in Estimation

To estimate the variance o2 of the noise n from the corrupted image g, we need to
suppress the influence of the original image f . In the previous methods for noise
variance estimation, the original figure is supposed to be a piecewise smooth signal.
In the highest subband, the influence of f can be ignored and the coefficients are
approximately Gaussian random variables of the noise variance o2 .

However, the assumption is not suitable for natural scene. Many real images
are composed of both smooth and textured regions. So the influence of the signal
f cannot be ignored in the highest subband of the wavelet transform. One can
first segment the noisy image into two parts: texture region and piecewise smooth
region. Then the noise variance can be estimated in the piecewise smooth region.
But the segmentation is computationally expensive, and is always disturbed by
the additive noise.

In the texture analysis, Francos et al. [9] had presented a unified texture
model which was applicable to a wide variety of texture types found in natural
images. On the basis of the two-dimensional Wold decomposition for homoge-
neous random fields, the texture field was decomposed into a sum of two mutually
orthogonal components: a purely indeterministic component and a deterministic
component.
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Now we introduce the Wold decomposition into noisy natural images analysis.
The noisy natural images can be decomposed into two components: a indetermin-
istic component and a deterministic component. The indeterministic component
includes the additive noise and the stochastic part in texture model. The determin-
istic component includes the piecewise smooth region and the deterministic part in
texture model. Then the noise variance is estimated based on the indeterministic
component.

The first step of the estimation algorithm is to compute the spectrum of the
noisy image. The image is first zero-meaned, then the magnitude of the signal
discrete Fourier transform is computed. Assumed the size of the image is N by N,
the magnitude image is translated by (N/2, N/2) so that the zero frequency is at
the center of the frequency plane.

As the spectral measure associated with the deterministic field is singular,
we need to locate the singularities in the magnitude image. The second step is to
find the local maxima of the magnitude by searching a 5 by 5 neighborhood of
each frequency sample.

Thirdly, the local maxima are examined for their harmonic peaks if their
values are above 10% of the magnitude range. As the magnitudes of the additive
noise may also act as local maxima, the threshold should be set larger than 5%
which is often used in texture analysis in order to save the harmonic peaks.

Fourthly, starting from each harmonic peak, a region is grown outwards con-
tinuously until the value of the magnitude is lower than a small portion of this peak
value (10% in our experiments). This region is regarded as the support region of
the local peak in question. However, there still have many noise in the local peaks
and their support regions. Two morphological transformations, namely closing and
opening, can be used to construct a mask, which can wipe off the isolated points.
The resulting support regions are obtained by selecting in the mask.

Fifthly, after the spectral support of the deterministic component is deter-
mined, the component frequencies are separated from the rest, which comprises
the indeterministic component.

Finally, the noise variance is estimated from the indeterministic component.

Figure 1 shows an example of Wold decomposition using in a noisy image. The
deterministic component and the indeterministic component after inverse discrete
fourier transform are displayed as Figure 1 (g) and Figure 1 (h). The results of
noise variance estimation compared with traditional estimation results are listed
in table 1.

3. The Localized HMT Model
3.1. Wavelet-Domain HMT Model

The wavelet-domain HMT model was first proposed for statistical signal processing
and analysis in [3]. The wavelet decomposition transforms the image into a multi-
scale representation with a quad-tree structure. The HMT model was developed by
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FIGURE 1. Example of Wold decomposition using in noisy image.
(a) original image corrupted by noise (o, = 0.1 ), (b) the Fourier
magnitude image, (c) the local maxima, (d) the support region of
the local maxima, (e) the mask to wipe off the isolated points, (f)
the support region in the mask, (g) the deterministic component,
(h) the indeterministic component.

connecting hidden state variables vertically across scales to capture the statistical
inter-scale dependencies between the wavelet coefficients of signals and images.

In the tree structure, we denote the node index as ¢ . The scale covering
the node i is denoted as j . The node ¢ has a parent node denoted as p(i) at the
scale j + 1, and four children nodes denoted as c¢(i) at the scale j — 1 . Smaller
j corresponds to higher resolution analysis. The set of descendants of a node 1,
including itself, is denoted as T'(i) . The root node index is 1, then T'(1) denote
the whole tree.

The wavelet coefficient and the hidden state variable of the node i are de-
noted as w; and S; respectively. In the HMT model, the wavelet coefficient w; is
conditionally independent of all other random variables given its state S; .

To capture the non-Gaussian nature of the wavelet coefficients, we model the
marginal probability f(w;) of each coefficient as a two-state, zero-mean Gaussian
mixture model in this paper as

fw(w) =Y Ps,(m)* fws(wi|S; = m) (3.1)

m=S,L
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where Pg,(m) = p(S; = m|w, ) denotes the conditional probability mass function
(pmf) of the node i given the model parameters 6 . m = S, L means the state m
of coefficient is small or large. The parameters for the HMT model include:

1. Pg, (m), the pmf for the root node S; .

2. aznp?) Ps,|5,,, (m|Sp@) = n), the state transition probability from the
parent state variable S,;) to its child’s states .S;, where S; = m and S,;) = n.

3. uim,oim, the mean and variance of the wavelet coefficient w; given S; = m.
Generally 1, =0 .

These parameters can be grouped into a model parameter vector 6 as:
, 2
0 = {Ps,(m), grp?i)v Ji,m} (3.2)

In image denoising, the estimation problem can be expressed in the wavelet
domain as :

w; = Y; +ny (3.3)
where w;, y;, and n; denote the wavelet coefficients of the observed data, the signal
and the noise, respectively.

If the HMT model 6 = {Ps, (m), €; p( X 7} for the noise signal is estimated,

'yﬁm is the variance of the noisy wavelet coefficient w;, then the conditional mean
estimate of y; given w; is

yAi yz|wl7 Z PS (m) 2 17_7:0_2 (34)
m=S,L

2

where o7, = max(0, 'yl m — 02) . The final signal estimate is computed as the

inverse wavelet transform of these estimates of the signal wavelet coeflicients.

3.2. The Localized HMT Model

In the HMT model, the basic problem is parameter estimation. As the state of
the wavelet coefficients is unobserved, direct maximum likelihood estimation is
intractable. Therefore, the iterative EM approach was used in the parameters
estimation.

For an n-pixel image, generally, the HMT model has approximately 4n param-
eters. These parameters need a lot of signal samples in the training step. Crouse et
al. [3] used an robustly estimation by assuming that the model parameters are the
same in each scale. This approach reduced the total number of the HMT model pa-
rameters from 4n to 4J, where J presents the number of wavelet scales. Romberg
et al. [4] reduced the number of parameters to nine, by exploiting the inherent self-
similiarity of real-world images. Fan et al. [10] developed an initialization scheme
for the EM algorithm to achieve more efficient HMT model training. These meth-
ods all assumed that the HMT model are identically distributed in each scale.
However, the assumption are not reliable for natural images. For example, the
pmf of wavelet coefficients’ state in the piecewise smooth region should not equal
the pmf in the texture region. Xiao et al. [5] proposed a fast parameter estimation
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technique for the HMT model. The parameters in this model are localized. We
improved this algorithm and incorporate it with the noise variance estimation.

3.2.1. Wavelet Coefficients Classification. As described in the previous section,
Chang et al.[8] proposed a spatially adaptive wavelet thresholding method based on
context modeling. These thresholds can be used in shrinkage of wavelet coefficients.
Considering the compression property of wavelet transform, we can classify the
wavelet coefficients into two states, large and small, by introducing the adaptive
thresholds computed by equation 2.3. The estimation of noise variance has been
discussed in section 2.
The needed localized standard deviation o, is computed as:

1
o2[i, j] = maxz(0, SN Z N w2k, j] — 02) (3.5)
[k,5]€NTE,]]
where N|i, j] denotes the neighborhood of the location ¢ in scale j, and < N, j] >
denotes the number of coefficients including in N[z, j].
We use a binary mask Bli, j] to denote the state of the wavelet coefficients,
with "1’ denotes ’large’ state and ’0’ denotes ’small’ state.

N ) wli, j] < Tsli, j]
Bli.j] = { 1, wli, j] > Tpli, j] 40

Because large values of wavelet coefficients tend to propagate across scales,
B3, j] is modified by its parent state.

Bli, j] = Bli, j] * Blp(i), j + 1] (3.7)

3.2.2. Localized Parameters Estimation. When we have classified the wavelet coef-
ficients into two states, we can estimate the localized parameters 6 ={ Pg, (m), EZ"I;Z.),
Vem?-
1. The pmf for the root rode S; in the coarsest scale J
1

Ps, (m) = < NJi, J] >

B[k, J], m=0,1 (3.8)
[k,J]EN[i,J]
where B,, [k, J] denotes the pixel whose state value is m in B[k, J] .
2. The state transition probability

Jmn Z[khj]ej\][i’j] B[k, j] % Bnlp(k), j + 1]
be(®) 2, j1en(i,g) Bulp(k), 5+ 1]
We use the relation of two binary masks of two scales to simulate the true

state transition probability.
3. The state variance of the noisy signal

s Dieglentig Wilk, 3] % Bulk, j]
Yism = : (3.10)
2, j)en(i,g) Bmlk, d]

The variance of each state is calculated in the state mask.

(3.9)
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The estimation of state variance 'yﬁm are not consistent with Xiao’s method,
since the denominator is the sum of B,, [k, j] instead of the whole number of N3, j].

3.2.3. Posterior State Probability Estimation. Given initial localized parameters
6, we can calculate the posterior state probability Pg,(m) = p(S; = m|w, §) with
an upward-downward step described in [3]. The state variance 'yﬁm can also be
2 is computed given

i,

updated at the same time. Then the signal state variance o
2
Pyi,m'

3.2.4. Posterior State Probability Estimation. Using equation 3.4, the signal wave-
let coefficients are estimated, then the final signal estimate is computed by the
inverse wavelet transform.

Because wavelet transform lack translation invariance, the denoised image
exhibits Gibbs phenomena in the neighborhood of discontinuities. We use the
Cycle-spinning method proposed by Coifman [11] to suppress such artifacts. Three
images by shifting original noisy image in horizontal, vertical and diagonal direc-
tions respectively are denoised in the proposed method, then total four denoised
images are averaged after registration. The average image is a desired image which
suppresses the artifacts.

4. Experiments

We use three standard testing images, Lena, Baboon and Barbara, to demonstrate
our method’s effectiveness. The variances of the additive noise are 0.01, 0.04 and
0.0025. The results are compared with other denoising algorithms in [2] [3] [4] [5]

[6].

The peak signal-to-noise ratio (PSNR), the estimated noise variance o, and
time cost are presented in table 1 for each method. From the table, we can find
that Crouse’s HMT model gives good results, but with much time cost. Romberg’s
uHMT model gives good performance to Lena, but not very good for the other two
images, because the universal parameters are not fit these two images. Donoho’s
soft thresholding method gives the fastest process but the worst result in these five
method. Sendur’s bivariate shrinkage model and Xiao’s algorithm denoise the noisy
images in good performances with low time costs. Our method, after including the
Wold decomposition in the estimation of the noise variance, can gain the best
performance in a middle time cost.

Figure 2, 3 and 4 show the comparison of the different methods on a local
region. Our method outperforms all the other methods in both visual quality and
PSNR performance.

5. Conclusions

In this paper, we have proposed a wavelet-domain HMT model with localized pa-
rameters and applied it to natural image denoising. The localized parameters are
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F1GURE 2. Comparing the results of various denoising methods,
for Lena corrupted by noise o, = 0.1. (a) original image, (b) noisy
image, (¢) Crouse’s HMT model, (d)Romberg’s uHMT model,
(e)Donoho’s soft thresholding (f) Sendur’s bivariate model (g)
Xiao’s fast estimation (h) our method.
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F1GURE 3. Comparing the results of various denoising methods,
for Baboon corrupted by noise o, = 0.1 . (a) original image,
(b) noisy image, (c¢) Crouse’s HMT model, (d)Romberg’s uHMT
model, (¢)Donoho’s soft thresholding (f) Sendur’s bivariate model
(g) Xiao’s fast estimation (h) our method.
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F1GURE 4. Comparing the results of various denoising methods,
for barbara corrupted by noise o, = 0.1 . (a) original image,
(b) noisy image, (c¢) Crouse’s HMT model, (d)Romberg’s uHMT
model, (¢)Donoho’s soft thresholding (f) Sendur’s bivariate model
(g) Xiao’s fast estimation (h) our method.
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TABLE 1. Comparison of different algorithms

Test im- | Qualities | Crouse’s Romberg’s Donoho’s | Sendur’s | Xiao’s Our
ages HMT uHMT soft bivariate | fast esti- | method
model model thresh- model mation
olding
Lena o, = | PSNR 29.1688 29.2112 27.7566 29.6220 29.6101 30.2547
0.1 (db)
PSNR =] 6, 0.1013 0.1013 0.1006 0.1006 0.1006 0.0995
20.0205db
Time 137.8 8.701 1.204 1.468 8.765 25.347
cost (s)
Lena o, = | PSNR 25.9545 25.5650 25.2048 26.2453 25.9562 27.0709
0.2 (db)
PSNR =] 6, 0.2022 0.2022 0.1993 0.1993 0.1993 0.1879
13.9636db
Time 106.9 9.077 1.377 1.313 8.893 24.578
cost (s)
Lena o, = | PSNR 32.5526 28.4025 30.4443 32.9460 32.9087 33.2430
0.05 (db)
PSNR = | 6, 0.0521 0.0521 0.0512 0.0512 0.0512 0.0511
26.0313db
Time 126.3 9.717 1.298 1.125 8.925 23.251
cost (s)
Baboon PSNR 24.4567 22.2999 21.8771 24.0663 24.2922 24.5978
on =0.1 (db)
PSNR = | 6, 0.1095 0.1095 0.1084 0.1084 0.1084 0.1035
19.9942db
Time 123.6 8.576 1.283 1.156 8.706 24.638
cost (s)
Baboon PSNR 21.5765 20.4227 20.4180 21.2228 21.4799 21.8824
on =0.2 (db)
PSNR = | 6, 0.2057 0.2057 0.2031 0.2031 0.2031 0.1840
13.9996db
Time 86.78 8.639 1.314 1.469 9.015 24.823
cost (s)
Baboon PSNR 27.8668 27.3293 23.7595 27.4995 27.5742 27.8846
on = 0.05 (db)
PSNR = | 6, 0.0645 0.0645 0.0626 0.0626 0.0626 0.0625
26.0461db
Time 97.32 8.857 1.325 1.14 8.702 24.417
cost (s)
Barbara PSNR 26.6408 25.2643 24.5679 27.1052 27.6340 27.9056
on =0.1 (db)
PSNR = | 6, 0.1041 0.1041 0.1023 0.1023 0.1023 0.1012
19.9875db
Time 124.1 8.826 1.247 1.234 8.927 23.729
cost (s)
Barbara PSNR 23.2911 22.6676 22.6780 23.7879 24.2670 24.5139
on =0.2 (db)
PSNR = | 6, 0.2041 0.2041 0.2013 0.2013 0.2013 0.1918
13.9940db
Time 78.23 8.326 1.325 1.406 8.676 24.182
cost (s)
Barbara PSNR 30.2944 28.1496 27.2639 30.9790 31.4332 31.8015
on = 0.05 (db)
PSNR = | 6, 0.0557 0.0557 0.0536 0.0536 0.0536 0.0526
26.0127db
Time 142.7 9.248 1.296 1.203 8.910 22.589
cost (s)
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estimated by computing the statistics of the classified wavelet coefficients based on
spatial adaptive thresholding method. Wold decomposition method is introduced
in this method to estimate the noise variance. After separating the deterministic
component of texture regions from noise, the estimation is more accurate. Ex-
periments show that the proposed algorithm not only reduces the computational
complexity, but also gives superior performance than other methods.

However, as shown in the figures, the result of the denoised image is less than
satisfactory if there are too many texture regions in the image. This kind of images
need further discussion in order to find some suitable algorithms for these images.

Further work will concentrate on extending this localized HMT model to
other applications, such as segmentation, classification and compression.
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